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Why elastic stresses?
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Schematic from Porter and Easterling

_attice parameter mismatch leads to mis t strains.
~or example, - °in Ni-base alloys

n addition, there could be externally applied stres:
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Shape change, alignment

Ardell and Nicholson (Eshelby), 1966: Ni-6.71wt.%Al alleyfter 15
minutes and 96 hours at 1023 K
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Splitting (Coalescence?)

Yeon et al (1373 K for 20 minutes); Kaufmann et al (1989): Matl%Al -
1373 K for 15 minutes

Microstructural evolution in elastically inhomogeneous - p. 6/



Rafting

Ichitsubo et al (2003): TMS-26 (Nominally (in at.%),
64.8Ni-8.82C0-6.34Cr-1.26 M0-3.97 W-11.98Al-2.84Ta)refat at 1373 K
for 4 hours under 137 MPa
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Thin Im instabilities
Asaro-Tiller-Grinfeld instabilities

Cullis et al (1992): 40 nm thick $9Gey:.01 on (001) Si substrate - Grown a
1023 K (As reported by Voorhees and Johnson)
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Phase inversion

Posited effect (in elastic systems)

50
Hard®

g

o

i

Hard

SOft

Microstructural evolution in elastically inhomogeneous —

p. 9/



Viscoelastic phase inversion

Epoxy particles in a polystyrene matrix: local phas
iInversion in a 10 wt % polystyrene - epoxy polymel
blend - Johnsen et al, Polymer 46 (2005), 7352.
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Elastic iInhomogeneity

Elastic Inhomogeneities are essential for
Rafting (dilatational mis t)
Phase inversion
Morphological instabilities in thin Ims
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Section |

Formulation of the phase
eld model



Modelling: Energetics

Free energy:
(1) F = [Fchemical | [ elastic
Z
F chemical _ Ny (fo(c)+ (r C)Z)dV

Ny Is the number of atoms per unit volume
IS the gradient energy coef cient
f o Is the bulk free energy density
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Bulk free energy density

fo(c) = Ac?(1

0)2

A sets the free energy barrier betweenplandm

phases
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Elastic energy
1Z

el
— M dV
2

E elastic —

IS the elastic stress tensor which arises due to m
strains
"€l is the elastic strain tensor
. 1S the tensor inner product
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Stress

Stress is calculated using the equation of mechani
equilibrium
r =0;

i = G (U i)

- Mis t strain

Microstructural evolution in elastically inhomogeneous + p. 16/



Modelling: Kinetics

Cahn-Hilliard equation:
n o

@c
(2) @t

M Is the mobility
cis the composition eld

< 1S (t)he variational derivative

F

r Mr

F
Ny
C

Y is the generalised chemical potential
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Assumptions

1. Mobility (M) and the gradient energy coef cier
( ) are assumed to be constants, and are
iIndependent of (among other things)
composition, gradients in composition, and
elastic elds.

2. For a given composition eld, the elastic
equilibrium is achieved instantaneously
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System

(a) Simulation domain (b) Interpolation ot
(2-dimensional) misfit strain and
moduli

Precipitate

Matrix

Moduli / Eigenstrain

Distance
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Interpolation functions

Typically, "0 = "T(C Co) i

Analytical (sharp interface calculation¥)is zero
In the matrix, and non-zero only in the
Inclusion/inhomogeneity

Elastically iInhomogeneous systef, equals
Cik andCi'J?’kI In matrix and precipitate phases

respectively, and interpolates for composition
values in between.

Can be achieved using1 + tanh( c)) or
polynomials in c ¢3(10 15c+ 6¢?))
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Composition dependence

Cijx (C) = Cij-iif + (0 GCi
= ("
Ciki = Cig ik

(c) and (c) are scalar functions of composition
used to interpolate the elastic moduli and mis t stré
between thg andm phases
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Algorithm

Semi-implicit Fourier spectral method

1. Given a composition pro le at timg solve the
equations of mechanical equilibrium to obtain 1
elastic elds

2. Use the composition and elastic elds to obtair
the chemical potential

3. Use the chemical potentials to obtain the
composition pro le attimd + t

4. Goto Step 1 above.
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Mechanical equilibrium

Equation of mechanical equilibrium

(3) r = 0;
where Is the elastic stress eld
@ > 0
—fCi (Eyg + " " =0
@jr Ikl ( K K )g

Ciixi 1S the elastic modulus

r is the spatial variable

"?is the periodic strain:® is the mis t strain ancE is
the homogeneous strain
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What Is homogeneous straink

___U_*____

Change in size and shape of the simulation domain due togahsirain and
(b) applied stress
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How to calculate E

1 /
;= v Cix "kdV
& applied stress

Khachaturyan et al - Energy minimization with
respect to the homogeneous strain

Moulinec and Suquet, Anthoine -
Homogenization
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_ A 0 2 .
Ej = Siw( wt < w> < )
where,

S=<C> 1< U>5=<C"%>: < ?>=<C"?>

with 7
<()>=g (Odv:
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The elasticity problem

Given a periodic composition eld on , solve the
equation of mechanical equilibrium

(4) —Tf G (B + " "")g=0o0n ;

with the constraint
(5)  Ej = Sju ( @+ hf ggi hf gi)
and theboundary condition

(6) "¢ is periodic on

Microstructural evolution in elastically inhomogeneous + p. 27/



Expanded equations

(7)@—@; A N 'RC
= 0:
e @u/(r)
) “K @r@r
+ Ciw @—@? (C)@—@'E ui(r) = Cia "' w @@(;)
@
Cijk Ex @(;)
+ Ciju "' u @ (CZD)J’( (C)g:
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Zeroth order equation

Assume Cjy =0

[ @ulf)(r) — € nl @(C)
ijK| @jr@lf ijKI kI @jl’ :

e @) _ 1@(0).
M a@r " @
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Zeroth order solution

Solving
e @ui(r) _ 1@(0).
M ara@r " @

In the Fourier space,

(UR)® ;= JIGk gf (9g:

where,J = P ( 1);G,'= Ci 99 ; gisthe
reciprocal space vectof;)q Is the (spatial-)Fourier
transformof(); T = Ceff"T
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First order equation

9)

C

et @(U7)H(r)

M @rex

+ Ciju " «
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First order solution

(10) (u)* ;= JGi G
where

(11) j
= i f (99 Cimn Emnf (0)gy
+ Cijmn "t mnf (C) (C)gg
? 130
Cijmn (c) @ugb)ﬁ )
g
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lterative Improvement

fU) gg= Gk ! 'g:

Ft = if (99 Cimn Eqn'f (0)gg
+ Cijmn "maf [e(r)]  [o(r)]gg

__ @u;,)" *(r)
Cijmn  [c(r)] o g

Stress-control-via-strain-control approach in
homogenization literature
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Parameters

Inhomogeneity: = o

Elastic anisotropyA; = (Clzlc4é12)

Average Poisson's ratio for both the phases = |
Non-dimensional =1, A=1,M =1

The equilibrium compositions in the absence c
elastic elds:c; = 1:0, andcy, = 0:0
Simulations: 2D

Dimensional length and time scalesn and
0:02seconds

Microstructural evolution in elastically inhomogeneous + p. 34/



Section Il

Results
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Circular Inhomogeneity
R=25 onL=512 (,=0.0075):A, = 1;
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Cavity Solutions

Isotropic materialAz=1) under an applied uniaxial
stress of unity along the-axis
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Importance of E
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(a) Homogeneous strain as a function of volume
fraction and (b) normalized error in energy
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Effect of E on microstructure
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Section lla

Rafting
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Rafting type

P -type rafting in which the precipitates coarsel
parallel to the direction of applied stress, and,

N -type rafting in which the precipitates coarse
normalto the direction of applied stress.
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‘Rafting': Schematic

Schematic rafting regimes (with positive dilatatione
mis t)

Applied Uniaxial stress - Along x-axs’

Soft precipitate 1Hard precipitate

Compressive stress Tensile stress

Following Schmidt and Gross (Proc. Roy. Soc, 1999)
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|sotropic

(a) H-C (b) H-T

(c) S-C (d) S-T

Figure 1:
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Anisotropic — A =3

(a) H-C (b) H-T

(c) S-C (d) S-T

Figure 2:
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Anisotropic — A = (1=3)

(a) H-C (b) H-T

(c) S-C (d) S-T

Figure 3:
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Region 5
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Particle splitting?

Circular particles do not split as they grow under
externally applied stresses.
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Particle splitting

If the initial particle is elongated, then under an
applied stress, such a particle splits.
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Splitting under applied stress

Reported by Leo et al, Li and Chen, and JK Le

Splitting - only if the particle is elongated to
pegin with: agrees with Leo et al and JK Lee

_I and Chen: Even a square-ish precipitate
oreaks: Not observed in our simulations (as wi
as those of Leo et al). Why?: Li and Chen -
Approximate calculations (with order paramete
elds)
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Multi-particle: Rafting
Co=0:34, Az =3; =0:5; Uniaxial stress

(a) Tensile along x (b) Compresive along y
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Twin particles

(@) (b) (€) (d) (€)

Figure 5: (a) Initial con guration (b) Hard particle
under compressive stress (c) Hard particles under
sile stress (d) Soft particles under compressive s
(e) Soft particles under tensile stress (after 5000 1
units). Applied stresses are along ttaxis.
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Change in angle

40

35 F
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Figure 6. The angle that the line joining the centre
of mass of two hard particles makes with thexis
as a function of time. Applied stresses are along

X-axIs.
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Section llb

Phase inversion
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Phase inversion

Low volume fraction phase - Matrix' phase if it is
softer

Onuki and Nishimori (1991)
Sagui, Somoza and Desai (1994)
Leo, Lowengrub and Jou (1998)
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Phase inversion: Simulation

Az =3, =2,andC};=300;c cpinterpolation
functions, with a volume fraction of 0.6 for the hard
phase ¢ = 0.6)

t=0 t=1000 t =10000

Microstructural evolution in elastically inhomogeneous + p. 55/



Effect of iInhomogeneity
A=3



Effect of anisotropy
=2



"~ at phase inversion
As A, and Increase, decreases.
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Why phase inversion?
An interplay between geometry and elastic
stresses!

Increasing levels of elasticity, drives the syster
faster towards phase inversion - Not surprising

Increasing volume fraction of harder phase me
phase inversion more dif cult - Purely geometr
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Anisotropy, Inhomogeneity

Barnett et al (1974): In an isotropic, dilatationa
mis t, single particle scenario - Sphere
minimizes elastic energy for a hard precipitate
l.e., harder phase likes to be compact'

Sankarasubramanian (2000) - Even in the
anisotropic case, harder phase prefers comps
shape, and this tendency for ‘compactness'
Increases with increasing inhomogeneity and
anisotropy
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