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Synopsis

In coherent two phasealloys, the microstructural evolution is strongly in
uenced

by stressesarising from a lattice parametermismatch (mis�t strain or eigenstrain).

The e�ect of elastic modulus mismatch (elastic inhomogeneity) on microstructural

evolution is usually weak and secondary. However, in certain speci�c cases,the

elastic inhomogeneity doesplay a central role; examplesinclude rafting, phasein-

version,and thin �lm instabilit y in systemswith dilatational mis�t. In this thesis,

we report results from our study on the e�ect of inhomogeneity on thesethree spe-

ci�c phenomena;(i) rafting, whereprecipitates coarsenpreferentially either parallel

or perpendicular to externally applied uniaxial stresses,(ii) phaseinversion,where

a microstructure with soft particles in a hard matrix evolves into one of hard pre-

cipitates in a soft matrix, and (iii) Asaro-Tiller-Grinfeld (ATG) instabilit y in thin

�lm assemblies, where a hard �lm embedded in a soft matrix undergoes shape-

instabilities leading to a break-up of the �lm.

In the last �fteen yearsor so, much progresshas beenmade in the useof detailed

computer simulations basedon phase�eld models. This progresshas had a cor-

responding impact on our understandingof microstructures and their evolution in

coherent solids. However, progressin the use of phase�eld models for studying

elastically inhomogeneoussystemshasbeenslow largely becauseof the di�cult y in

numerical computation of elastic stress�elds in systemswith complex microstruc-

tures. Existing phase�eld simulations have usedcertain approximations which, as

we show in the thesis,may overestimatethe elastic energiesby as much as 500%.

In this thesis, we use a Fast Fourier Transform (FFT) basediterativ e method to

solve the equation of mechanical equilibrium (for obtaining the elastic stressand

strain �elds that arise due to mis�t strains) under prescribed traction conditions;

i



this method is the sameas the stress-control-via-strain-control approach described

in the homogenisationliterature. Further, we characterize and validate such an

approach by comparing(a) our numerical solutionsfor stressesand strains with the

corresponding analytical solutions for elliptic inhomogeneitiesand circular cavities,

and, (b) the e�ective elastic moduli of a composite with the available analytical

solutions. In both cases,the quantitativ e agreement with the analytical results is

excellent.

The elastic �elds thus obtainedare then incorporated into a phase�eld model based

on the Cahn-Hilliard (CH) equation. This facilitates our study of microstructural

evolution in elastically inhomogeneouscoherent solids in all the three caseslisted

above, viz., rafting, phaseinversion, and ATG instabilit y. All our simulations are

carried out in two-dimensions(2D).

We assumethe interfacial energy 
 to be isotropic, and, the mobilit y M to be a

constant. Wealsoassumecubic elasticconstants and dilatational mis�t strains. The

cubic anisotropy in the elasticconstants is given by the Zeneranisotropy parameter

AZ , and, we de�ne the elastic inhomogeneity � as the ratio of the shearmodulus of

the precipitate to that of the matrix. In all our simulations, both the constituents

are assumedto have the sameelastic anisotropy and Poisson'sratio ( of � m = � p =

� = 0:3); thus, the speci�cation of Gm , the shear modulus of the matrix, AZ , � ,

and "T , the strength of eigenstrain,completelyspecify the elastic parametersof the

systemunder study. We solve the CH equation using an FFT basedsemi-implicit

method. The results from our phase�eld study are summarisedbelow.

Rafting

We have studied rafting { microstructural evolution in an inhomogeneoussystem

under an applied stress { in two di�erent situations: isolated particle and many

interacting particles. In the former case, the direction of rafting in the kinetic

setting is in agreement with sharp interfaceresults obtained by Schmidt and Gross

(Proc. Roy. Soc. Lond. A, 455, 3085-3106,1999)for speci�c particle morphologies.

The exact morphology of a rafted precipitate depends on the sign of the applied

stress,the inhomogeneity � , and the volume fraction of the precipitate phase. Our
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study also corroborates the reports of particle splitting under externally applied

stresses;however, someof the conditions under which particle splitting is observed

are extremely unlikely in real systems. In the multiparticle case,the directions of

elongation are the sameas in single particle simulations; further, as the particles

align parallel or perpendicular to the applied stresses,hard particles retain their

identit y and migrate, while soft particles coalesce.

Phase inversion

We have observed elastic stressdriven phaseinversion in multiparticle simulations.

We alsoindicate the importanceof including the homogeneousstrain in phaseinver-

sion simulations. The characteristic length scale`c at which phaseinversionoccurs

increaseswith decreasing(a) Gm "T 2, (b) AZ , (c) � , and, (d) (100-f v) where f v is

the volume fraction (and f v > 50). We rationalise the dependenceof `c on each of

theseparameters.

Thin �lm instabilities

Our simulation results indicate that the onsetof ATG instabilit y in thin �lm assem-

blies could be of two types,viz., symmetric for low valuesof � , and anti-symmetric

for higher valuesof � . Theseresults are in qualitativ e and quantitativ e agreement

with the Mullins-Sekerka type perturbative analysis carried out by incorporating

elastic stresse�ects and assumingvolume di�usion. Further, using our simulations,

we arealsoable to track the later stageevolution of the thin �lm assemblies, to even

beyond their completebreak up.

Summary

We have studied microstructural evolution in systemswith dilatational mis�t (with

and without externally applied stresses)with speci�c emphasison systemswhere

the elastic inhomogeneity plays a central role. For this purpose we have used a

fast and accurate iterativ e spectral method for solving the equation of mechanical
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equilibrium. Using this formalism, we have studied rafting, phaseinversion, and

ATG instabilit y.
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Chapter 1

In tro duction

Elastic stressesarise during solid state phasetransformations due to a lattice pa-

rameter mismatch (mis�t) when the resultant phasesare coherent. Thesestresses

have a marked in
uence on the microstructural evolution: seethe reviews [1{4].

Among thesestresse�ects, somemay be explainedor rationalised using elastically

homogeneoussystemsin which the phaseshave the samemoduli. For someoth-

ers,however, the di�erence in moduli (elastic inhomogeneity) is the primary cause.

In this thesis, we considerthe latter e�ects: rafting, phaseinversion and thin �lm

instabilit y.

The following are someof the typical microstructural featuresobserved in coherent

two phasesystems:

1. The precipitateschangetheir shape asthey grow in size,align alongelastically

soft crystallographic directions [5], and sometimesmay even split [6{8];

2. The elastic stressesinteract with externally applied uniaxial stresseswhich

results in `rafting', viz., the preferential coarseningof the precipitates either

parallel or perpendicular to the direction of applied stress[9];

3. In a thin �lm assembly, if the �lm is harder than the substrate, that can

lead to instabilities in the �lm (which is known as the `Asaro-Tiller-Grinfeld'

instabilities [10]).

In addition, several simulation studies suggestthat a microstructure consistingof

1
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soft precipitates in a hard matrix can evolve into one of hard precipitates in a soft

matrix; this is known as `phaseinversion' [11].

Of the microstructural featureslisted above,alignment and shapechangesof the pre-

cipitates can be satisfactorily explainedassumingthe precipitate and matrix phases

to have the sameelastic constants; the e�ect of elastic moduli mismatch between

the two phases,if any, is negligible. On the other hand, in all the other cases,the

elasticmoduli mismatch betweenthe two phasesplays a key role: rafting in systems

with dilatational mis�t, phaseinversion and Asaro-Tiller-Grinfeld instabilities will

not be observed in systemsin which all the phaseshave identical elastic constants.

The modelling studies of microstructural evolution in elastically inhomogeneous,

coherent systemscan broadly be classi�ed as continuum and atomistic studies. In

continuum studies, the microstructure is described using �eld variables (like com-

position, for example), in contrast to atomistic models where site occupancyon a

lattice is usedto describe the system. While continuum modelsarebasedon classical

�eld theories,the atomistic modelsare basedon (classical)statistical mechanics[3].

The continuum studiesare further subdivided into sharp and di�use interfacestud-

ies; in sharp (di�use) interfacemodels,the �eld variablesvary discontinuously (con-

tinuously) acrossan interface. The di�use interfacemodelsare alsoknown asphase

�eld models [3].

The sharp interface models are typically used to obtain analytical results and for

carrying out perturbation/stabilit y analyses.The analytical results are usually ob-

tained under the assumptionsof simple geometry, singleparticle in an in�nite ma-

trix, and/or isotropic elasticity. Many of these restrictive assumptionscan be re-

laxed, if, numerical methods basedon thesesharp interfacemethods are used. Even

in such circumstances(sincesharpinterfacemodelstrack interfacesexplicitly) singu-

larities arisedue to mergeror disappearanceof microstructural features. Sincesuch

singularities are di�cult to handle in a numerical scheme, sharp interface models

have beenonly of limited use[3,12].

Di�use interface models on the other hand are ideal for the study of multiparticle

microstructures, complex geometries,anisotropic elastic parameters,and interface

singularities. However, the results from the di�use interface models always need
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to be benchmarked against the corresponding sharp interface models; further, the

de�nitiv e interfacewidth in thesemodelscan lead to di�culties in simulating large

scalemicrostructures [12].

In this thesis, our emphasisis on continuum di�use interface studies. The exist-

ing phase �eld studies of microstructural evolution in elastically inhomogeneous,

coherent, mis�tting systemsare of relatively recent origin. Someof these studies

assumethe di�erence in the elastic moduli (� C) between the two phasesto be

small [11,13{17]. In contrast, the microstructural evolution in systemswith large

di�erences in elastic moduli (where higher order correctionsare incorporated) has

beenstudied by Leo et al [18], Zhu et al [19] and Hu and Chen [20].

Almost all the phase�eld studieson microstructural evolution in systemswith large

di�erences in elastic moduli, solve the equation of mechanical equilibrium under

conditionsof prescribeddisplacement [16,19,20]. Such a boundarycondition, though

natural in the study of microstructural evolution in thin �lms for example, is not

satisfactory in cases(a) wherethe systemevolvesunder the action of an externally

applied stress,or, (b) wherethe systemevolveswith no tractions or constraints on

displacements at the boundary.

Further progressin the study of elastically inhomogeneoussystemsneededan ac-

curate and computationally viable technique for solving for elastic stressesin these

systemswith arbitrary microstructures and prescribed external tractions. There

are at least two possibilities. The �rst is due to Khachaturyan and his coworkers

in which an equivalent eigenstrainwhich minimises the strain energyof the corre-

sponding elastically homogeneoussystemis calculatedusing a non-conserved order

parameterof Allen-Cahn type [21{24].

The secondapproach, which we have adaptedin this study, is from the literature on

\homogenisation" [25{27]. In this approach, a systemwhich is elastically inhomo-

geneousis replacedby a systemof `equivalent' (homogeneous)elastic moduli. The

main ingredient in such a calculation is a consistent calculation of the homogeneous

strain [25,26]; the algorithm for such a consistent calculation (for prescribed traction

boundary conditions) is known as`stress-control using strain-control' approach and

is described in Section3.2.
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The main emphasisof the homogenisationstudies is on the calculation of homoge-

neousmoduli, while our interest is in the study of microstructural evolution in elas-

tically inhomogeneoussystemsin the presenceof eigenstrains.So,we have adapted

the solution method to a coherent system with mis�t strains; we incorporate the

resultant elastic solutions into a phase�eld model. Such a phase�eld model then

allows us to study microstructural evolution in elastically inhomogeneouscoherent

solids under conditions of prescribed tractions at the boundary. We demonstrate

the e�cacy of the solution technique by comparing our numerical elastic solutions

for (a) mis�tting precipitates and (b) cavities under uniaxial stresswith the corre-

sponding analytical sharp interfaceresults.

We have usedthis technique to study two di�erent phenomenain bulk systemswith

dilatational mis�t: (a) rafting in systemswith dilatational mis�t, and (b) phase

inversion. In the caseof rafting, the system evolves under an externally applied

stress,while in the caseof phaseinversion, the boundariesare free from both the

traction and displacement constraints.

Though our emphasisin this thesis is on bulk systemswhich evolve under pre-

scribed traction conditions, our numerical method can alsobe usedfor the study of

microstructural evolution in systemswith prescribed displacement boundary con-

ditions: seeAppendix A where we show someof our preliminary results on ATG

instabilities in thin �lm assemblies.

Our formulation asdescribed in Chapter 3 is valid for three dimensional(3D) elas-

ticit y; however, the numerical simulations are carried out in two dimensions(2D).

Typically, elastic �elds in such 2D simulations arecalculatedusinga 3D formulation

assumingplane strain conditions to hold. In contrast, in this thesis,we usea pure

2D elastic calculation.

This thesis is organisedas follows: in the next chapter, we summarisethe typical

microstructural featuresobserved in elastically inhomogeneoussystems. In Chap-

ter 3, we describe the di�use interface formulation; the emphasisin this chapter is

on the validation and characterisationof our numericalmethod for solvingfor elastic

stressesin inhomogeneoussystems. In Chapter 4 and Chapter 5 we describe our

simulation results from the studieson rafting and phaseinversion,respectively. Our
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resultson ATG instabilit y are preliminary, and are described brie
y in Appendix A.

We concludethe thesiswith a brief summary in Chapter 6.



Chapter 2

Microstructural evolution in

elastically stressed solids: a review

The literature on the e�ect of elastic stresseson phasetransformations, nucleation,

growth, microstructural evolution, and mechanical propertiesarevast, rich, and var-

ied: seethe excellent monographs[28{31], and reviews[1{4,32,33]. In this chapter,

we summarisethe studies on the microstructural evolution in elastically stressed

solidswith an emphasison thosemicrostructural featuresthat result due to elastic

inhomogeneities.Thus, for example,thermodynamicsof elasticallystressedsystems,

and problemsof equilibrium shapesof precipitatesin elasticallystressedsystemswill

not be discussedhere. While the salient featuresin elastically inhomogeneoussys-

tems are described here, the individual chapters on formulation, rafting, and phase

inversioncarry their own detailed literature surveys.

Almost all the experimental studiesdescribedin this chapter areelectronmicroscopic

studies. The modelling studiesmay broadly beclassi�ed ascontinuum and atomistic

studies. The continuum studiesare further classi�ed as sharp and di�use interface

studies. The results from the sharp interface and atomistic models are discussed

in this survey in so far as they concernthe study of microstructural evolution in

elastically inhomogeneoussystems;however, sincewe usea di�use interface model

in this thesis,we give a brief overview of the samein Section2.6.

We de�ne the elastic inhomogeneity � to be the ratio of the shearmodulus of the

6
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precipitate to that of the matrix:

inhomogeneity; � =
Gp

Gm
(2.1)

Experimentally, the determination of the elasticconstants is quite di�cult, particu-

larly at high temperatures. In Ni-Al systems,for example,their valuesare disputed

and the exact value of � is not known [34]. Further, it is not even clear whether � is

greater or lessthan unity; that is, as to whether the precipitate phaseis harder or

softer [35]. Thesedi�erencesin the interpretations of experimental resultsstemfrom

the fact that composition, additional alloying elements, temperature, and the heat

treatment a�ect the measurement of elastic moduli, and it is well near impossible

to keepall thesequantities identical acrossdi�erent experimental studies. Hence,

the only conclusionthat can be drawn from all thesestudies is that � is not unity.

Thus, all the experimental studiescan, in principle, be consideredto be carried out

on inhomogeneoussystems. However, as we discussbelow, several theoretical and

modelling studieshelp us identify the casesin which the e�ect of inhomogeneity is

primary.

2.1 Particle shape change and alignmen t

In a classicstudy on coherent Ni3Al (
 0) precipitates in a Ni-rich (
 ) matrix, Ardell

and Nicholson [5] have shown that the precipitates (a) change their shape with

increasingsize,and (b) align themselvesalong the elastically softer directions. The

primary driving forcefor shape changeis the decreasein elasticstrain energywhile,

that for alignment is the anisotropy in the elastic constants [36,37]. However, the

role of elasticinhomogeneitieson shapechangeand alignment is not clearfrom these

experiments.

Particle shape changesare driven by the competition between the interfacial and

elastic energies;hencethe role of � is secondary. For example,studiesby Wang et

al [38], and Wang and Khachaturyan [39], show clearly that particle shape change

will occur even if � is unity. Similarly, there are several di�use interface studies

which show that the elastic anisotropy, even in the absenceof any elastic inhomo-

geneities,can lead to alignment of the mis�tting precipitatesalongelastically softer
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directions [15,38].

The typical shape changesobserved during growth of a precipitate are circle-to-

square transitions (sphere to cuboid transitions in 3D), which are driven by the

elastic energy anisotropy [39]. Similarly, Leo et al [18], show that the samesized

elliptic particle, depending on the relative strength of elastic strain energy might

remain as an ellipseor turn into a circle. We are not aware of any study in which

a growing isotropic (anisotropic) precipitate undergoesa circle-to-ellipse(square-to-

rectangle) transition. The reasonfor this, though not yet establishedconclusively,

could be (1) mechanistic or kinetic, viz., the di�cult y in choosingonedirection over

another [Seethe atomistic simulations of Lee[40] for example,and the intermediate

shapes that are observed in his simulations], and (2) energetic, viz., the driving

force for shape changeas comparedto that for growth is very small under growth

conditions.

2.2 Particle splitting, coalescence, and morpho-

logical instabilities

Particle splitting has been reported [6{8,41{43] in several systems. However, the

interpretation of theseexperimental observations is disputed by Calderonet al [44];

Calderonet al show that coalescenceof particlescangiveriseto morphologiessimilar

to splitting patterns. Further, Yamabe-Mitarai and Harada [45], attribute particle

splitting to a kinetic phenomenonassociated with the deviation of the precipitate

composition from its equilibrium composition. Thus, experimentally, though it is

clear that particles do split and coalesce,the driving forces and mechanisms of

splitting are also yet to be conclusively established.Further, the e�ect of � , if any,

on the particle splitting and/or coalescenceis not clear from these experimental

studies.

Energetically, both Doi [6,42] and Khachaturyan et al [46] have shown the depen-

denceof doublet, quartet, and octet particle splitting on particle size. However,

the simulations of particle splitting during the growth of elastically stressedparti-

cles are inconclusive. In the simulations of Wang et al [38], the matrix nucleates
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at the centre of the precipitate, and grows, resulting in a doublet; but this type of

splitting could be an artifact of the simulation itself. The initial particle size,under

the given elastic parameters,is such that the levels of elastic stressat the centre of

the precipitates are unphysically high, leading to the nucleation of the matrix (and

hencesplitting). On the other hand, Banerjeeet al [47], show that particle coa-

lescence(in both 2- and 3-D simulations) can lead to aggregationof particles that

givesrise to microstructural featuresthat look like doublet, quartet and octet split

patterns. While the instabilities that arise during growth do not lead to particle

splitting in the simulations of Wang and Khachaturyan [39], similar growth related

instabilities lead to particle splitting in the simulations of Cha et al [48]. All the

studies listed above (except Cha et al) are studieson elastically homogeneoussys-

tems; thus, apart from concludingthat the particle splitting and/or coalescencecan

happen even in elastically homogeneoussystems,the e�ect of � on particle splitting

and/or coalescence,if any, is not clear from thesesimulation studies.

In someNi-base alloys, as a 
 0 precipitate grows into a supersaturated 
 matrix,

the precipitate/matrix interface may undergo instabilities [8,49]; the observations

of Yoo et al [8] further indicate that the anisotropy in the elastic moduli as well as

particle splitting may have a role in producing such dendritic morphologies.

The elastic inhomogeneity may have a role in the development of morphological

instabilities [50]. On the other hand, the study of Yeonet al [51] indicatesthat even

in elastically homogeneoussystemsthe morphologicalinstabilities can occur. Thus,

from thesestudiesalso the e�ect of � on morphologicalinstabilities is not clear.

Thus, morphological instabilities and particle splitting/coalescenceoccur in elasti-

cally stressedparticles growing in a supersaturated matrix. However, the driving

forcesand the mechanismsof particle splitting, as well as the e�ect of elastic inho-

mogeneity on splitting, coalescence,and morphologicalinstabilities, both in experi-

ments and in simulations, are yet to be investigatedcompletely.
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2.3 Rafting

In a classicstudy, Tien and Copley [9], showed that an uniaxial stress leads to

preferential coarseningof 
 0 precipitates parallel or perpendicular to the direction

of applied uniaxial stressin nickel-basesuperalloy singlecrystals; this phenomenon

is known as rafting.

In systemswith dilatational mis�t, several studieshave shown that the driving force

for rafting goesto zeroas� approachesunity [52{56]. Thus, elastic inhomogeneity is

an essential requirement for rafting in systemswith dilatational mis�t. Phase�eld

simulations of rafting have beenreported by Zhu et al [19], Leo et al [18], Li and

Chen[16],while atomistic simulations of rafting hasbeenreported by Lee[57]. How-

ever, if the eigenstrainsare non-dilatational, elastic inhomogeneity is not essential

for the occurrenceof rafting [58].

2.4 Phase inversion

In two phasemicrostructures, the higher volume fraction usually percolateswith

distributed isolated islands of the lower volume fraction. The percolating phase

is the `matrix' while the distributed phaseis the `precipitate'. However, in some

systems,this correspondencebetweenthe volume fraction and topologicalstructure

is reversed. More speci�cally, an initial microstructure in which the higher volume

fraction phasepercolates,evolvesinto onein which the lower volume fraction phase

percolates. This is known as `phaseinversion'. Such a phaseinversion is reported

in both experimental and numerical studies on phaseseparatingviscoelastic poly-

mer blends (See[59] and referencestherein). In elastically stressedsystems,phase

inversion is said to occur when a microstructure consisting of soft precipitates in

a hard matrix evolves into one of hard precipitates in a soft matrix; such purely

elasticity driven phaseinversion have been reported in several (albeit restrictive)

computational studies [11,18,60]. However, we are not aware of any experimental

report of such an elasticity driven inversion.
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2.5 Thin �lm and surface instabilities

The surfacesand interfaces of non-hydrostatically stressedcrystalline solids are

found to be unstable with respect to perturbations. Such instabilities have been

widely reported [61{63]: see[4,64,65] for a summaryof experimental results. These

instabilities di�er from the dendritic instabilities discussedin Section 2.2; while

dendritic instabilities are growth related, the thin �lm and surfaceinstabilities can

be observed in the absenceof growth and are related to the equilibrium shape of

non-hydrostatically stressedsolids [66].

In the thin �lm literature, theseelastic stressdriven surfaceand interface instabil-

ities are known as Asaro-Tiller-Grinfeld (ATG) instabilities following the indepen-

dent prediction of such instabilities by Asaroand Tiller [67]and Grinfeld [68]. While

Asaro-Tiller-Grinfeld studied the instabilit y of a solid-liquid interface,Srolovitz [69]

showed that a solid-vapour interfacecan alsoundergoan ATG-lik e instabilit y. Fur-

ther, Sridhar et al [10]haveshown ATG-lik e instabilities to occurevenin a solid-solid

interface, as long as the harder (�lm) phaseis embeddedin a soft (matrix) phase.

Thus, ATG instabilities are driven by elastic inhomogeneities;they will not occur

in systemsin which the interface is shared by two phaseswith the sameelastic

constant.

2.6 Di�use in terface modelling

In a continuum model for the study of two phasemicrostructures, there are two

distinct ways of treating the interfaces.Basedon the mannerin which the interfaceis

described, thesemodelsare classi�ed into two types,namely, sharp interfacemodels

and di�use interfacemodels. In the former, the interface is a plane of discontinuity

acrosswhich the properties changeabruptly from that of onephaseto another. In

the later, the interface width is not determineda priori, and the properties change

over a de�nite width from that of onephaseto another in a smooth fashion.

While the sharp interfaceapproach was pioneeredby Gibbs [70], a di�use interface

model was formulated by Cahn [71,72] to study spinodal decomposition, in which,
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the interfacesthat form during the early stagesare indeedcompositionally di�use.

The treatment of Cahn was basedon the free energyfunctional for a composition-

ally nonuniform system; such a free energy functional was derived by Cahn and

Hilliard [73]. Hence, these models basedon composition �elds (and gradients in

composition) are known as Cahn-Hilliard models. However, in systemswhich un-

dergoan order-disordertransformation for example,the microstructure is described

by �eld parameterswhich are not conserved (unlike the composition �eld). The dif-

fuseinterfacemodelsbasedon such non-conserved order parameter�elds, following

the work of Allen and Cahn [74]areknown asAllen-Cahn equations.Hybrid models

basedon both Cahn-Hilliard and Allen-Cahn equationsare alsopossible.

The main advantage of numerical studiesbasedon the Cahn-Hilliard and/or Allen-

Cahn equationsstem from the fact that the �eld parametersthat describe the mi-

crostructure (as well as their higher order spatial derivatives) are continuousevery-

where. Hence,the partial di�erential equationswhich describe the microstructural

evolution hold in the entire simulation domain; thus, there is no needto track the

interfaceexplicitly. On the other hand, sharpinterfacebasednumericalmodelstrack

the interfaceexplicitly; hence,they are incapableof treating singularities that arise

due to the formation or disappearanceof interfaces.

The di�use interfacemodels basedon the Cahn-Hilliard and Allen-Cahn equations

are used for the study of microstructural evolution in a wide variety of problems:

see[12,75,76] for recent reviews.

In this thesis,we baseour di�use interfacemodel on the Cahn-Hilliard equation;we

modify the systemenergeticsto include the elasticenergycontributions. The elastic

energyis obtained by solving the elastic �eld equationsin an elastically inhomoge-

neoussystemunder prescribed traction or displacement boundary conditions. The

formulation is described in detail in Section3.1.

2.7 Summary

Someof the typical microstructural featuresobservedin elasticallystressedsolidsare

as follows: particle shape change, alignment, splitting/coalescence,morphological
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instabilities, rafting, phaseinversion, and ATG instabilities. Of these, the elastic

inhomogeneity plays a crucial role in rafting, phaseinversion,and ATG instabilities,

while the e�ect of elastic inhomogeneity, if any, on particle shape change,alignment,

splitting/coalescence,and morphologicalinstabilities are weak and secondary.



Chapter 3

Form ulation

Phase�eld methods basedon the Cahn-Hilliard and/or Allen-Cahn equationsare

used extensively for the study of microstructural evolution in elastically stressed

solids; seethe reviewsby Chen [75] and Thornton et al [12]. In thesemodels, the

elastic stresse�ects are typically incorporated by adding an elastic energyterm to

the free energy. The calculation of the elastic energy involves the solution of the

equationof mechanical equilibrium, which is typically solved (in elastically inhomo-

geneoussystems)using pseudo-spectral techniques[18] (which are a combination of

�nite di�erence and Fast Fourier Transform (FFT) techniques), (pre-conditioned)

conjugategradients [19]or spectral techniquesbasedon FFT [20{22]. In this thesis,

we usea di�use interface model basedon the Cahn-Hilliard equation for the study

of microstructural evolution in elastically inhomogeneoussystemsunder either pre-

scribed displacement or prescribed traction boundary conditions. The equation of

mechanical equilibrium is solved using an iterativ e method basedon Fourier trans-

forms. A semi-implicit Fourier spectral method is usedfor solving the Cahn-Hilliard

equation.

The di�use interface model and the iterativ e procedurefor solving the equation of

mechanical equilibrium are known in the literature [19{24]. However, in most of

thesestudies,the equationof mechanical equilibrium is not solved under conditions

of applied tractions [20]; in caseswhere they are solved, the homogeneousstrain

is not calculated in a consistent manner [19]. On the other hand, a method of

14
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obtaining the homogeneousstrain is described in the di�use interface literature by

Wang et al [24], and in the homogenisationliterature by several others [25{27].

More speci�cally, in the homogenisationliterature, the algorithm for a consistent

calculation of homogeneousstrain under applied traction conditions is described in

great detail (Seeappendix D of [26], for example).

In Section3.1, we recount the salient featuresof the Cahn-Hilliard model, in which

the total freeenergyis written asa simplesumof chemicaland elasticcontributions

(each of which is microstructure dependent). In Section3.2,we recount the equation

of mechanical equilibrium and the constraints and boundary conditionsunder which

it needsto be solved.

Section 3.3 is central to this chapter, as it dealswith with an iterativ e numerical

techniquefor solvingthe equationof mechanical equilibrium in elastically inhomoge-

neoussystems.The technique, adapted from the homogenisationliterature [25,26],

is e�cien t and accurate: there are no approximations about the extent of modulus

mismatch and solutions with both prescribed traction and displacement boundary

conditions are possible.

In Sections3.4, 3.5, and 3.6, we describe the calculation of the elastic energy(and

hencethe elasticpart of the chemicalpotential), the non-dimensionalisationand the

details of numerical implementation, respectively.

In Section3.7, we compareour numerical elastic solutions with the corresponding

analytical, sharp interface solutions for (a) circular and elliptic precipitates (Sec-

tion 3.7.1), and (b) circular cavities in a squareplate under a tensile stress(Sec-

tion 3.7.2). Further, thesecomparisonsare usedin Section3.8, (a) to characterise

the numerical method in terms of the e�ect of various simulation parameterson

the accuracyof the elasticsolutionsand (b) the e�ciency of the numerical method.

In Section3.9 we present someresults from homogeneousstrain and homogeneous

moduli calculationsin systemswith simplegeometries,namely, circular precipitates

in a squaredomain. Finally, we end the chapter with a brief summary.
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3.1 The Cahn-Hilliard equation with modi�ed free

energy

Weconsidera binary phaseseparatingA-B alloy systemexhibiting a miscibility gap.

At a low temperature (say T), any alloy of composition c0
0 that �nds itself inside

the miscibility gap will consistof two phasesm and p with compositions c0
m and c0

p,

respectively, at equilibrium (seeFigure 3.1).

We rescalethe composition variable c0 to yield the scaledcomposition c:

c =
c0 � c0

m

c0
p � c0

m
: (3.1)

With this de�nition, c is the sameas the equilibrium volume fraction of the p-

phase;in particular c takesa value of zeroand unity in the matrix and precipitate

phases,respectively. Further, all the variablesare renderednon-dimensionalusing

a characteristic length L 0, energy E 0, and time T0, a suitable choice for which is

deferredto section3.5. All the equationsin our formulation, are presented in terms

of non-dimensionaland scaledvariables;the dimensionalforms of the corresponding

equationsare shown in Appendix B.

Let the composition at any point r at time t be denoted by c(r ; t). Let the mi-

crostructure of the systembe completely described by the composition �eld. Con-

sider a domain 
 boundedby @
 of such a system;we assumethe composition �eld

to be periodic on 
, i.e., 
 is the representativ e region that repeats in�nitely to �ll

all space(seeFigure 3.2). This assumptionof periodicity helpsus avoid accounting

for the surfacesin our calculations.

Given an initial microstructure (i.e., composition pro�le), say c(r ,0), its future evo-

lution canbe studied by solving the following Cahn-Hilliard equation(with periodic

boundary conditions) [71]:
@c
@t

= r � M r �; (3.2)

where,M is the mobilit y, c is the (scaled)composition, t is the time, and � is the

chemical potential, given by

� =
�

h
F

NV

i

� c
; (3.3)
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Figure 3.1: Schematic phasediagram of a phaseseparatingsystem: c0
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composition; c0
m and c0

p are the equilibrium compositions of the m and p phasesat

the temperature T.

W

p

mp

p p
W

p

mp

W

p

mp

p

p
W

p

mp

p
W

p

mp

p
W

p

mp

p
W

p

mp

p
W

p

mp

p
W

p

mp

p
W

p

mp

Figure 3.2: The simulation domain 
; the periodic boundary conditions are indi-

cated by the dotted lines.



CHAPTER 3. FORMULATION 18

where (� =�c) denotesthe variational derivative with respect to composition, NV is

the number of atoms per unit volume. The total free energyof the system, F , is

assumedto be of the form

F = F ch + F el; (3.4)

whereF ch and F el are the chemical and elastic contributions to the free energy;in

other words the state of stresshas a negligible e�ect on F ch. Substituting this free

energyexpressionin Eqn. (3.3), we obtain the (modi�ed) Cahn-Hilliard equationas

follows:
@c
@t

= r � M r (� ch + � el); (3.5)

where,

� ch =
�

h
F ch

NV

i

� c
; (3.6)

and,

� el =
�

h
F el

NV

i

� c
: (3.7)

The chemical contribution to the free energyis given by the following expression:

F ch = NV

Z



[f 0(c) + � (r c)2]d
 ; (3.8)

where, � is the gradient energycoe�cien t, and f 0(c) is the bulk free energydensity

given by

f 0(c) = Abc2(1 � c)2; (3.9)

whereAb is a positive constant which setsthe energybarrier betweenthe two equi-

librium phasesm and p (seeFigure 3.3); thus,

� ch = hf (c) � 2� r 2c; (3.10)

with, hf (c) = (@f 0=@c).

In this thesis, we assumethe mobilit y M in Eqn. (3.2) and the gradient energy

coe�cien t � in Eqn. (3.8) to be (scalar) constants: this amounts to assumingthe

interfacial energiesand the di�usivities to be isotropic.

The elastic contribution to the free energyis [75]:

F el =
1
2

Z



� el

ij "el
ij d
 (3.11)
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Figure 3.3: The bulk free energydensity (with Ab = 1). The equilibrium composi-

tions for the m and p phasesare at zeroand unity, respectively. The barrier height

betweenthe m and p phasesis (Ab=16).

where,

"el
ij = " ij � "0

ij ; (3.12)

with "0 being the position dependent eigenstrain (mis�t strain) tensor �eld; and,

the total strain " ij is compatible:

" ij =
1
2

�
@ui

@r j
+

@uj

@r i

�
; (3.13)

whereu is the the displacement �eld, and, (assumingboth the m and p phasesto

obey Hooke's law i.e., the phasesare linear elastic)

� el
kl = Cij kl"el

ij ; (3.14)

where Cij kl is the composition (and hence, position) dependent elastic modulus

tensor.

The eigenstrainis an explicit function of composition and is described by

"0
ij (c) = � (c)"T � ij ; (3.15)

where, "T is a constant that determinesthe strength of the eigenstrain, � ij is the

Kronecker delta, and � (c) is a scalar function of composition. The elastic modu-

lus tensor is also an explicit function of composition; in other words, the solid is
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elastically inhomogeneous.The composition dependenceof the elastic constants is

described by the following expression:

Cij kl (c) = Ce�
ij kl + � (c)� Cij kl ; (3.16)

where� (c) is a scalar function of composition, and,

� Cij kl = Cp
ij kl � Cm

ij kl (3.17)

where,Cp
ij kl andCm

ij kl arethe elasticmoduli tensorof the p andm phasesrespectively,

and Ce�
ij kl is an \e�ectiv e" modulus. The rationale behind the expression(3.16) is

that Ce�
ij kl represents the \e�ectiv e" elasticmodulus of the macroscopichomogeneous

system,and the local (microscopic)perturbations in the elastic moduli about Ce�
ij kl

are described in terms of � Cij kl , the di�erence betweenthe elastic constants of the

p and m phases.

In addition, the entire macroscopicsystem could be subjected to a homogeneous

stressstate � A , i.e., the domain 
 behaves as if it is a single homogeneousblock

in spite of the inhomogeneitiesat the microscopicscale. Note that � A should be

such that the applied traction on the boundariesof the domain 
 is anti-p eriodic;

i.e., � � n, is opposite on opposite sidesof @
 with n being the unit normal to the

boundary [25,26].

To obtain the elastic energy, and hencethe elastic chemical potential, we have to

solve the equation of mechanical equilibrium, namely,

r � � el =
@� el

ij

@r j
= 0 in 
 : (3.18)

The Fast Fourier Transform (FFT) basediterativ e method to solve the above set of

partial di�erential equationsis described below.

3.2 The equation of mechanical equilibrium

The elastic moduli and the eigenstrainsare periodic on 
 (since they depend on

composition �eld which is periodic on 
); therefore,the solution to the equilibrium

equation (Eqn. (3.18)), should be such that it givesrise to a strain �eld "(r ) that is
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periodic on 
 (up to an additive constant). The displacement �eld u(r ) which gives

rise to such periodic strain �elds can always be written as follows [25]:

u = E � r + u?; (3.19)

where,u? is a displacement �eld that is periodic on 
 and E is a constant, homoge-

neousstrain tensor (assumedto be symmetric without lossof generality, sincethe

antisymmetric part correspondsto a rigid rotation of the cell). It can be shown [25]

that E denotesthe meanstrain tensor of the cell (SeeAppendix C):

hf" ij gi = E ij ; (3.20)

with the following de�nition for the meanof a quantit y f�g :

hf�gi =
1
V

Z



f�g d
 ; (3.21)

whereV is the volume of the representativ e domain 
.

If wedenotethe periodic strain by " ?, the strain that wederive from the displacement

equation (3.19) becomes(SeeAppendix C),

" ij = E ij + "?
ij ; (3.22)

where,

"?
ij =

1
2

�
@u?

i

@r j
+

@u?
j

@r i

�
; (3.23)

and the equation of mechanical equilibrium (3.18) is

@
@r j

f Cij kl(Ekl + "?
kl � "0

kl )g = 0: (3.24)

Analogousto the expression(3.20) for the homogeneousstrain, we can de�ne the

meanstresson the domain 
 as follows:

hf� el
ij gi =

1
V

Z



� el

ij d
 : (3.25)

The meanstressthus calculatedshould equal the applied stress� A [21,25,26]. [As

a brief aside,we note that while [25,26]usedthe homogenisationassumption,Jin et

al [21] useda variational approach to arrive at the above conclusion,viz., that the

meanstressshould equal the applied stress.]So,we obtain

� A
ij =

1
V

Z



Cij kl (Ekl + "?

kl � "0
kl )d
 : (3.26)
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Further, using the de�nition (3.21), we can de�ne the following meanquantities:

Sij kl = (hfCij klgi )� 1; hf� ?
ij gi = hfCij kl"?

klgi ; and hf� 0
ij gi = hfCij kl"0

klgi : (3.27)

Using Eqns. (3.26) and (3.27), we obtain,

E ij = Sij kl (� A
kl + hf� 0

klgi � hf� ?
klgi ): (3.28)

Thus, the elasticity problem we wish to solve can be restatedas follows:

Given a periodic composition �eld c on 
,

solve the equation of mechanical equilibrium

@
@r j

f Cij kl(Ekl + "?
kl � "0

kl )g = 0 on 
 ; (3.29)

with the constrain t

E ij = Sij kl (� A
kl + hf� 0

klgi � hf� ?
klgi ) (3.30)

and the boundary condition

"?
kl is periodic on 
 : (3.31)

As noted in the introduction, Hu and Chen [20] assumean overall zero prescribed

strain (E ij = 0). In contrast, our present formulation allows for a prescribed overall

stress (which is achieved by controlling the strain). This approach is known as

\stress-control basedon strain-control" (SeeAppendix D of [26]).

Substituting for Cij kl , and "0
kl in terms of composition, and " ?

kl in terms of the

displacement �eld in Eqn. (3.29), and using the symmetry properties of the elastic

constants and strains, we obtain

@
@r j

�
[Ce�

ij kl + � (c)� Cij kl ]
�

Ekl +
@u?

l (r )
@r k

� "T � kl � (c)
��

(3.32)

= 0:
�
Ce�

ij kl
@2

@r j @r k
+ � Cij kl

@
@r j

�
� (c)

@
@r k

��
u?

l (r ) = Ce�
ij kl"

T � kl
@� (c)
@r j

(3.33)

� � Cij klEkl
@� (c)
@r j

+� Cij kl"T � kl
@f � (c)� (c)g

@r j
:
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3.3 Solution to the equation of mechanical equi-

librium

The aboveequationof mechanical equilibrium (3.33)canbesolvedusingan iterativ e

procedure[20,26,77] as shown below.

3.3.1 Zeroth order appro ximation

Let us assumethat � Cij kl = 0 to begin with. Then, the equation of mechanical

equilibrium (3.18) reducesto

Ce�
ij kl

@2u?
l (r )

@r j @r k
= Ce�

ij kl"
T � kl

@� (c)
@r j

: (3.34)

Taking � T
ij = Ce�

ij kl"
T � kl ,

Ce�
ij kl

@2u?
l (r )

@r j @r k
= � T

ij
@� (c)
@r j

: (3.35)

The above equation can be solved in the Fourier space(SeeAppendix D). De�ning

G� 1
il as Cij klgj gk (where g is the vector in the Fourier space), we can write the

solution (in the Fourier space)as follows:

�
(u?

l )
0
	

g
= � JGil � T

ij gj f � (c)gg; (3.36)

wherethe superscript on u?
k denotesthe order of approximation, and J is

p
(� 1).

3.3.2 Higher order appro ximations

Having the zeroth order approximation it is possible to re�ne the solution (See

Appendix D). We can write the nth order re�ned solution using the (n � 1)th order

solution as follows:

f (u?
l )

ngg = � JGil � n� 1
ij gj ; (3.37)

where

� n� 1
ij = � T

ij f � (c)gg � � Cij mn E n� 1
mn f � (c)gg (3.38)

+� Cij mn "T � mn f � [c(r )] � [c(r )]gg � � Cij mn

�
� [c(r )]

@(u?
m )n� 1(r )
@rn

�

g
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3.4 Elastic energy and the corresp onding chemi-

cal poten tial

Let the elastic strain energybe given by

Eel =
Z



eel(r )dr ; (3.39)

where,the local elastic energydensity eel is given by

eel(r ) =
1
2

Cij kl"el
ij "el

kl : (3.40)

Since

"el
ij = " ij � "o

ij ; (3.41)

and,

" ij = E ij + "?
ij ; (3.42)

we obtain,

eel(r ) =
1
2

Cij kl(E ij + "?
ij � "0

ij )(Ekl + "?
kl � "0

kl ) (3.43)

From the above expressionsand the de�nition of � el, the elastic chemical poten-

tial (3.7), we obtain

NV � el =
1
2

� 0(c)� Cij kl (E ij + "?
ij � "0

ij )(Ekl + "?
kl � "0

kl ) (3.44)

� � 0(c)"T � ij Cij kl(Ekl + "?
kl � "0

kl );

where, the prime represents the di�erentiation with respect to c. Note that the

above expressionis the sameas that given by equation 18 in [18].

To summarise,the CH equation that we wish to solve is Eqn. (3.5), namely,

@c
@t

= r � M r (� ch + � el): (3.45)

The � ch is given by (3.10), namely,

� ch = hf (c) � 2� r 2c; (3.46)

with, hf (c) = (@f 0=@c) = 2Abc(1 � c)(1 � 2c). The � el is given by Eqn. (3.44),

namely,

NV � el =
1
2

� 0(c)� Cij kl (E ij + "?
ij � "0

ij )(Ekl + "?
kl � "0

kl ) (3.47)

� � 0(c)"T � ij Cij kl(Ekl + "?
kl � "0

kl );
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3.5 Non-dimensionalisation

All the parametersusedin our simulations are non-dimensional.We carry out the

non-dimensionalisationusing the characteristic length L 0, energy E 0, and time T0

given below (where, the prime represents the fact that thesequantities are dimen-

sional):

L0 =
�

� 0

A0
b

� 1
2

; (3.48)

E 0 = A0
b; (3.49)

T0 =
L02(c0

p � c0
m )2

M 0E 0
: (3.50)

The details of the non-dimensionalisationare shown in Appendix B; we note here

that our choice of non-dimensionalisationrenders � , Ab, and M unity. Thus, the

non-dimensionalCahn-Hilliard equation is given as

@c
@t

= r 2(h � 2r 2c + � el); (3.51)

where, the non-dimensional� el is obtained by using a scalednon-dimensionalC �
ij kl

as follows: C �
ij kl = Cij kl=NV . Finally, our non-dimensionaltime and length units

correspond to 0.02 secondsand 1 nano-metre,respectively (as we show in the Ap-

pendix B).

3.6 Numerical implemen tation

3.6.1 Fourier transform and discretisation

Let us considerthe domain 
 of sizeL x � L y � L z; let it be discretisedwith nodes

at distances� x, � y, and � z along the x, y, and z axes,respectively, and let Nx ,

Ny , and Nz be the number of nodesalong x, y, and z axes,respectively. Thus, any

node on the domain is identi�ed by a set of integers,namely, (i; j; k) (and by a pair

of integers(i; j ) in 2D). We de�ne the (discrete)Fourier transform (F ) of a function
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H (r ), wherer is the real-spaceCartesianvector, as follows:

F (H (r )) = H (g) =
X




H (r ) exp(� 2� Jg0 � r ) dr

=
N xX

i =1

N yX

j =1

N zX

k=1

H (r ) exp(� Jg � r ) dr ; (3.52)

where, g0 is the reciprocal spacevector, g = 2� g0 and J =
p

(� 1). Similarly, the

inverseFourier transform is de�ned as follows:

F � 1(H (g)) = H (r ) =
X




H (g) exp(2� Jg0� r ) dg

=
N xX

i =1

N yX

j =1

N zX

k=1

H (g) exp(Jg � r ) dg: (3.53)

The reciprocal vector g is given as follows: g = m1g1 + m2g2 + m3g3, where, mi

are integers,and g1, g2, and g3 are the basisvectorsof the reciprocal lattice:

g1 = 2�
L y ŷ � L zẑ

L x x̂ � L y ŷ � L zẑ
; (3.54)

g2 = 2�
L zẑ � L x x̂

L x x̂ � L y ŷ � L zẑ
; (3.55)

and,

g3 = 2�
L x x̂ � L y ŷ

L x x̂ � L y ŷ � L zẑ
: (3.56)

Let usconsiderthe equation(3.51)and take the (spatial-) Fourier transform on both

sidesof the equations(with the notation that f (�)gg is the Fourier transform of (�)):

@f cgg

@t
= � g2(f hf gg + 2g2f cgg + f � elgg): (3.57)

Note that theseequationsare written for every node g on the reciprocal lattice.

The semi-implicit discretisationof the aboveequationis then obtainedasfollows[78]:

c(g; t + � t) � c(g; t)
� t

= � g2f hf gg � 2g4c(g; t + � t) � g2f � elgg : (3.58)

c(g; t + � t) =
c(g; t) � g2� t(f hf gg + f � elgg)

1 + 2� tg4
; (3.59)

where � t is the time step for the numerical integration. Thus the problem of mi-

crostructural evolution reducesto numerically solving the discretisedequation(s)

above.
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All our simulations in this thesis are carried out on a (discretised) 2D domain.

Usually, in thesesimulations, the equationof mechanical equilibrium is solved in 3D

under a plane strain assumption. However, in this thesis, we solve the equation of

mechanical equilibrium in 2D. In such case,the real spaceis discretisedwith nodes

at distances� x along the x-axis and nodesat distances� y along the y-axis, and

the reciprocal lattice vectorsare given by g1 = (2� =Lx ) x̂ and g2 = (2� =Ly) ŷ.

The (discrete) Fourier transforms neededfor our calculationshave beencarried out

using the free software FFTW (FastestFourier Transform in the West) developed

by Frigo and Johnson[79].

3.6.2 Algorithm for microstructural evolution

The following is the algorithm for microstructural evolution:

1. Given a composition pro�le at time t, we calculatethe � ch (using Eqn. (3.46))

and its Fourier transform.

2. We solve the problem of mechanical equilibrium for the given composition

distribution, thereby obtaining � el (using Eqn. (3.47)) and its Fourier trans-

form. While solving the equation of mechanical equilibrium, accordingto our

formulation described above, at each time step, we needto

(a) get the zeroth order solution (using Eqn. (3.36)), and

(b) re�ne the zeroth order solution (using Eqn. (3.37)) till the error in dis-

placements is less than a given value (typically, less than 10� 8 in the

following simulations). We use the L 2 norm in de�ning the error: Let

un (i; j ) and un+1 (i; j ) be the displacement solutions at the grid point

(i; j ). Let the total number of grid points in the x and y-directions be M

and N respectively. Then, the error is

Error =

"
MX

i =1

NX

j =1

(un+1 (i; j ) � un (i; j )) � (un+1 (i; j ) � un (i; j ))

# 1
2

:

(3.60)
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Sincethis is an iterativ e method, it is possibleto usethe displacements from

the previous time step as the starting point and thus expedite the iterativ e

re�nement procedure. Hence, in our implementation, from the secondtime

step onwards, the solution from the previousstep is usedasthe starting point

for re�nement of the solution.

3. Using f � chgg and f � elgg in Eqn. (3.59), we calculate the composition pro�le

at somefuture time t + � t.

4. We repeat steps1-3 to march in time for the given number of time steps.

3.6.3 A note on in terp olation functions � (c) and � (c)

The function usedfor eigenstraininterpolation � (c) (seeEqn. (3.15)) in our model

dependson the referencestate for the measurement of the eigenstrain. If the strain-

freematrix phaseis usedasthe referencestate, then � (cm ) = 0:0 and � (cp) = 1:0. If

the averagealloy of composition c0 is usedas the referencestate, then � (cm ) = � c0

and � (cp) = 1:0 � c0. The above conditions are only on the value of � for the m

and p phases,and hence,we have the freedomto chooseany functional form for the

intermediate values.

Similar to � , there are several ways of de�ning the interpolating function � (c) in

Eqn. (3.16). However, if � Cij kl is given by (3.17), then, the de�nition of � is

determined by the expressionfor the \e�ectiv e" elastic modulus. In Table 3.1 we

summarisesomede�nitions of \e�ectiv e" moduli used in the present study (and

someother studies in the literature aswell), and the corresponding � expression.

We note that the calculation of � and � functions as well as their derivativeswith

respect to the composition variable involves tanh and such other costly function

calls. In our numerical implementation, we have tabulated � and � and read them

o� the tablesduring the calculations. Each table typically consistsof 140000entries

and tabulates thesefunctions for composition valuesranging from -0.2 to 1.2.
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Sl.no Expressionfor � Expressionfor Ce�
ij kl

1
�

1
2(tanh(2ac� a))

	
� 1

2 , 1
2(Cp

ij kl + Cm
ij kl ) (See[26])

a, a constant

2 f c3(10 � 15c+ 6c2)g � 1
2

1
2(Cp

ij kl + Cm
ij kl )

(See[80])

3 c Cm
ij kl (See[18])

4 c � 1 Cp
ij kl

5 c � c0 Ce� = (1 � c0)Cm + c0Cp

(See[20])

Table 3.1: The interpolation function � and the corresponding Ce�
ij kl
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3.7 Comparison with analytical solutions

As noted earlier, we have the freedom to choose from a variety of interpolation

functions � and � . In this chapter, we wish to compareour numerical results with

corresponding sharp interface,analytical results. The latter results are obtained by

attributing the eigenstrainto the precipitate phase,using the strain-free matrix as

the referencestate. Thus, the tanh function and the function of Wang et al [80] are

suitable for our studies.

In particular, the function of Wanget al is ideal for our purposessinceit approaches

zeroand unity smoothly when the composition goesto zeroand unity; hence,in all

our calculationsbelow, we have usedthe following interpolation functions:

� (c) = c3(10 � 15c+ 6c2); (3.61)

and,

� (c) = f c3(10 � 15c+ 6c2)g �
1
2

: (3.62)

In addition to � , the completeprescription of eigenstrainincludesthe tensor " T � ij ,

where "T is the strength of the eigenstrain, and � ij is the Kronecker delta; hence

(as noted earlier), the eigenstrain" 0 is dilatational. In all our calculations,we usea

value of "T = 0:01 for the precipitate phase,and " T = 0:0 for the cavit y.

For a systemwith cubicelasticconstants, the circular averagesof the Voigt constants

(C11, C12, and C44) can be related to the averageshearmodulus G, the Poisson's

ratio � , and the anisotropy parameterAZ [55] using the following expressions:

G = C44; (3.63)

� =
1
2

C12

C12 + C44
; (3.64)

and,

AZ =
2C44

C11 � C12
: (3.65)

If AZ , the anisotropy parameteris equalto unity, the elasticconstants are isotropic.

If it is greater (less) than unity, then the elastic constants have a cubic anisotropy,

with h10i directions (h11i directions) being the softest [81,82]. Further, we de�ne

the inhomogeneity ratio � as the ratio of the shearmodulus of the precipitate to
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that of the matrix: � = C
p
44=C

m
44. If � is equalto unity, then the systemis elastically

homogeneous.If it is greater or lessthan unity, then the precipitate is harder or

softer than the matrix, respectively.

In all our calculations,wemaintain the Poisson'sratio, and the anisotropy parameter

to be the samefor both the matrix and precipitate phases.Thus, prescribing� , AZ ,

and, G of oneof the phases,say, the matrix phase,and the inhomogeneity parameter

� , is su�cien t to completelycharacterisethe elasticmoduli usedin the calculations.

In all our calculations,we keepthe shearmodulus of the matrix (Gm ) �xed at 400

and the Poisson'sratio (� ) at 0.3.

In Table 3.2, we list all the parametersused in our simulations; these include the

discretisation and numerical simulation related parameters(� x, � y, � t, and, the

allowed error in the displacement solution), the kinetic parameter(M ), the chemical

free energyrelated parameters(Ab, and � ), and the elastic parametersthat do not

vary acrosssimulations (Gm , � , and "T ).

In all the calculations described in this chapter, the precipitates are placedat the

centre of the domain: this is achieved by calculating the distanceof any grid point

from the centre, and making the composition of the grid point unity if it lies within

the precipitate, andzero,otherwise. Hence,the precipitate-matrix interfaceis jagged

in all the simulations.

3.7.1 Circular and elliptic precipitates

The analytical solutions are obtained for a single (circular or elliptic) precipitate

in an in�nite matrix [28,83]. We useperiodic boundary conditions in our numer-

ical calculations; by making the volume fraction of the precipitate as small as our

simulation allows, we can approach this limit of a single precipitate in an in�nite

matrix. In the present set of calculations,we usea precipitate radius R of 25, while

the simulation cell size L x = L y = 512: thus the volume fraction of the precipi-

tate is � 0.0075.In the caseof non-circular precipitates,R is the equivalent radius:

R =
p

(ap=� ), whereap is the areaof the precipitate. Wehaveuseda grid of � x = 1

and � y = 1; and a tolerancevalue of 10� 8 for the convergenceof the displacement
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Parameter type Parameter Value used

Cahn-Hilliard Model M 1.0

� 1.0

Ab 1.0

Elastic Gm 400.0

� 0.3

"T 0.01(for precipitates)

0.0 (for cavities)

Simulation � x 1.0

� y 1.0

� t 1.0

Allowed error in displacements lessthan 10� 8

Table 3.2: Parametersusedin the simulations
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solutions.

In Figures 3.4 and 3.5 we compare the numerical solutions for the principal and

shear stresscomponents as a function of distance from the centre of the circular

precipitate. The corresponding analytical solutionsare alsoshown (as a dotted line)

for a direct comparison. The stresscomponents (normalised by the characteristic

stressGm "T ) are plotted against the normaliseddistance(r=R) from the centre of

the precipitate along the x-axis. The elastic constants are isotropic (i.e., AZ = 1),

and, the precipitate is softer than the matrix (� = 0:5).

From the analytical results,we know that � xx is continuousand � yy is discontinuous

acrossthe p-m interface; � xy is zeroeverywherealong the x-axis.

From these�gures, it is clearthat the numericalsolutionsagreewell with the analyt-

ical onesexceptin the vicinit y of the interface. Further, the width of the regionover

which there is signi�cant di�erence can be decreasedby reducingthe grid size. This

is due to the di�cult y in capturing discontinuities and sharp changesusing Fourier

seriesexpansions.As is well known, this e�ect, known as the Gibbs phenomenon,

never disappearseven in the limit of an in�nite number of terms; asmore terms are

included, the location of the overshoot movescloserto the discontinuity (Seep. 333

of [84]). In addition, the stressat the edgeof the simulation cell is very nearly zero,

indicating that the matrix is e�ectively in�nite.

We have carried out similar comparisonsof our numerical solutions for the strain

components at the centre of elastically isotropic (circular and elliptic), soft (� = 0:5),

homogeneous(� = 1:0), and hard (� = 2:0) precipitates, as well as for solutions

inside a circular and an elliptic homogeneousprecipitate when the elastic constants

are anisotropic (with AZ = 3:0) (with the corresponding analytical solutions given

by Mura (p. 142 of [28]). We de�ne the normalisederror in the principal strain

components at the centre of the precipitate as follows:

NormalisedError =
"Numerical � "Analytical

"T
(3.66)

In all the calculations,we �nd that the normalisederror is 0.8%or less(for a volume

fraction of � 0.0075).The shearstrain components at the centre of the precipitates

are identically zero for all these cases: in our numerical calculations also we �nd
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Figure 3.4: The normalisedprincipal stresscomponents (a) � s
11, and (b) � s

22 as a

function of normaliseddistance: analytical and numerical solutionsalong the x-axis

(from the centre of a circular precipitate). The distance is normalised by R, the

precipitate radius, while the stressis normalisedby the characteristic stressGm "T .

The line through the data points is drawn only as a guide to the eye. R = 25;

L x = L y = 512; � = 0:5; AZ = 1.
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Figure 3.5: The normalisedshearstresscomponent � s
12 as a function of normalised

distance: analytical and numerical solutions along the x-axis (from the centre of a

circular precipitate). The distanceis normalisedby R, the precipitate radius, while

the stressis normalisedby the characteristic stressGm "T . The line through the data

points is drawn only asa guideto the eye. R = 25; L x = L y = 512;� = 0:5; AZ = 1.

that the shearstrain components are of the order of 10� 5 or less.

3.7.2 Cavit y under an externally applied stress

It is generallybelieved that iterativ e procedureslike the onedescribed hereare not

suitable when the inhomogeneity ratio is very high [19,24]. There are also reports

suggestingthat there is a linear relationship between the inhomogeneity and the

number of iterations neededto reach the solution [26]. However, in our calculations,

for a circular cavit y in a plate under an uniaxial applied stress,we are able to obtain

the solution with 9 iterations. The solution obtained is shown in Figure 3.6. In these

cases,the inhomogeneity (� ) is 10� 8. Thus, obtaining the solutions in 9 iterations

is both surprising, and highly encouraging.

Our numerical solutions also agreewell with the analytical solutions (Seepage91

of [85]). In Figure 3.7, we plot the number of iterations required for any given

inhomogeneity. We seethat beyond � = 0:01, the number of iterations remains a
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constant at 9. We further note that the number of iterations is also sensitive to

the volume fraction of the cavit y; as the volume fraction of the cavit y increases,the

number of iterations neededto reach the solution increases. However, the earlier

conclusionis still valid, viz., for a given volume fraction, the number of iterations

neededto reach the solution becomesa constant beyond somespeci�c inhomogeneity

value.

3.8 Characterisation of the numerical metho d: ac-

curacy of the elastic solution

The accuracywith which we solve the equation of mechanical equilibrium depends

on the re�nement of the grid aswell as the tolerancewithin which the displacement

solution is obtained. Further, as noted earlier, the numerical solutions approach

the analytical solution only in the limit of the volume fraction of the precipitate

approaching zero. In this subsection,we describe the e�ect of all thesethree param-

eterson the accuracyof the elastic solution. In all the casesbelow, the precipitates

are circular (R = 50, L x = L y = 1024so that the volume fraction is about 0.0075)

and are elastically isotropic (AZ = 1): the normalisederror in the principal compo-

nents of strain at the centre of the precipitate (seeEqn. (3.66)) is usedasa measure

of accuracy.

3.8.1 E�ect of grid re�nemen t

In Figure 3.8, we summarisethe e�ect of grid re�nement on the solution for both

hard (� = 2:0) and soft (� = 0:5) precipitates. The coarsestgrid � x = 2 that we

have used,producedthe largest(normalised)error of lessthan 1.4%in the principal

strain at the centre of the precipitate. Further, re�ning the grid to lessthan � x = 1

did not increasethe accuracymuch. In all our calculations in this thesis, we usea

grid sizeof unity.

The relatively large error in the casewhere the grid is � x = 2 (though small in

itself) as comparedto the casewhere � x = 1, could be due to the jaggednature
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Figure 3.6: The � xx and � yy stresscomponents along the (a) x-axis and (b) y-axis

from the centre of a circular cavit y in a squaredomain under an applied tensile

stressalong the x-axis. R = 25; L x = L y = 512; � A = 1; � = 10� 8; "T = 0.
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Figure 3.7: The e�ect of inhomogeneity on convergence;data from simulations of

a circular cavit y in a square domain under an externally applied uniaxial stress

(Figure 3.6). The line through the data points is drawn only as a guide to the eye.

of the interface. An increasein the grid size,or the sizeof the precipitate leadsto

a lessjaggedinterface (which approximates the actual shape better) resulting in a

reduction of the error.

3.8.2 Tolerance for the error in displacemen t solution

The equation of mechanical equilibrium is solved using an iterativ e procedure,by

re�ning the displacement solution within a given tolerancevalue: we use spectral

di�erentiation to obtain the strains from thesedisplacement values. In Figure3.9(a),

we indicate the e�ect of the tolerancevalue on the accuracyof the elastic (strain)

solution (for both soft (� = 0:5) and hard (� = 2) precipitates). As is clear from the

�gure, re�ning the displacement solution beyond 10� 8, doesnot re�ne the solution

much, while the further re�nement only increasesthe required number of iterations

(SeeFigure 3.9 (b)). We set the tolerancelimit in our calculationsat 10� 8.
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Figure 3.8: The normalisederror in the principal strain component at the centre of

a circular precipitate asa function of the grid size. The strain is normalisedby the

strength of the eigenstrain" T = 0:01 (seeEqn. (3.66)). The lines through the data

points are drawn only asa guide to the eye. R = 50;L x = L y = 1024;AZ = 1.

3.8.3 E�ectiv e mo duli de�nition

The de�nition usedfor the \e�ectiv e moduli" (with which we calculate the zeroth

order solution) has a strong e�ect on the convergenceproperties. In Table 3.3, we

list the number of iterations neededto converge to the solution in three di�erent

cases,viz., 1
2(Cm

ij kl + Cp
ij kl ), Cm

ij kl and Cp
ij kl . Eventhough all the three expressionslead

to the samesolution, using Cm
ij kl or Cp

ij kl as the e�ective modulus takestwo to �v e

times the number of iterations ascomparedto the casewhen the arithmetic average

of the elastic constants is usedas the e�ective modulus; further, when we usethe

arithmetic average,the number of iterations neededfor convergenceis independent

of � . This is quite surprising becausethe volume fraction of the precipitate is quite

small (� 0.0075); at present, the reasonfor the faster convergenceon using the

arithmetic averageof the moduli as Ce� is not clear to us.



CHAPTER 3. FORMULATION 40

-0.005

 0

 0.005

 0.01

 0.015

 0.02

 0.025

 0.03

 0.035

10-9 10-8 10-7 10-6 10-5 10-4 10-3 10-2

N
or

m
al

iz
ed

 e
rr

or

Tolerance

d=0.5
d=2.0

(a)

 0

 1

 2

 3

 4

 5

 6

 7

 8

10-9 10-8 10-7 10-6 10-5 10-4 10-3 10-2

Ite
ra

tio
ns

Tolerance

d=0.5
d=2.0

(b)

Figure 3.9: (a) The normalisederror in the principal strain component at the centre

of a circular precipitate asa function of the tolerancevalue for the re�nement of the

displacement solution. The strain is normalisedby the strength of the eigenstrain

"T = 0:01. The lines through the data points are drawn only as a guide to the eye.

(b) The increasein the number of iterations with the decreasein the tolerancefor

the re�nement of the displacement solution. The lines through the data points are

drawn only as a guide to the eye.
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Inhomogeneity Expressionfor Ce�
ij kl Number of

iterations

Hard precipitate (� = 2:0) 1
2(Cp

ij kl + Cm
ij kl) 4

Cm
ij kl 22

Cp
ij kl 4

Soft precipitate (� = 0:5) 1
2(Cp

ij kl + Cm
ij kl) 4

Cm
ij kl 7

Cp
ij kl 8

Table 3.3: The e�ect of interpolation function � and the corresponding Ce�
ij kl on

convergence.
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3.9 Homogenised quan tities

In Section3.7 above, we comparedour numerical results with the available analyt-

ical sharp interface solutions. Though there are no exact analytical solutions for

obtaining homogenisedquantities (say, homogenisedstrain and homogeneousmod-

uli) in an elastically inhomogeneoussystem,someapproximate solutionsand trends

are known for simple system geometries. In this section, we describe our results

from a numerical calculation of homogeneousstrain and homogeneousmoduli, with

relevant comparisonswith (approximate) analytical solutions. Further, we also in-

dicate that the contribution of homogeneousstrain to the total elastic energycould

be considerable,and henceis important for an accurate study of microstructural

evolution in elastically inhomogeneoussolids.

3.9.1 Homogeneous strain

In Figure 3.10(a), we summarisethe e�ect of volume fraction of the precipitate on

the accuracyof the elastic solution: we plot the value of the homogeneousstrain

normalised by the strength of the eigenstrain " T as a function of volume fraction

for soft (� = 0:5), homogeneous(� = 1:0) and hard precipitates (� = 2:0). In the

caseof the homogeneousprecipitate the normalisedhomogeneousstrain equalsthe

volumefraction of the precipitate; this is in agreement with the analytical result (See

p.206 of [29]). In the caseof a hard (soft) precipitate in a soft (hard) matrix, the

homogeneousstrain is greater (smaller) than the volume fraction of the precipitate

as expected. Further, as the volume fraction of the precipitate tends to zero, the

homogeneousstrain also tends to zero.

In Figure 3.10 (b), we show that the (normalised) di�erence in the elastic energy,

namely, the di�erence between the energyof the systemwith prescribed zero dis-

placement at the boundary and that with zero tractions on the boundary. The

normalisation wascarried out using the elasticenergyof the systemwith prescribed

tractions at the boundary. As is clear from the �gure, even at a volume fraction

of 0.2, the energiesdi�er by 100%and for a volume fraction of 0.5, the energydif-

ferencecould be as large as 500%. Hence,not calculating the homogeneousstrain
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while solving the equation of mechanical equilibrium (as done by Leo et al [18]),

or imposing the zero displacement constraint on the boundary while the natural

boundary conditions demand zero traction at the boundary (as done by Hu and

Chen [20], for example)could produceerroneousresults.

3.9.2 Homogeneous mo duli

We now considera squaredomain of the matrix with a circular precipitate at its

centre. Let both the precipitate and the matrix be isotropic (with Poisson'sratio of

0.3). Let a tensile stressof a given magnitude (unit y, in this case)be applied. The

e�ective shearmodulus of the compositecanthen beobtainedby assumingisotropic

elasticity and calculating the Young'smodulus and Poisson'sratio using the tensile

and lateral homogeneousstrains.

In Figure 3.11(a), we show the normalisedhomogeneousshearmodulus (Ghom=Gm )

thus obtained for a composite with soft (� =0.2) and hard (� =5) precipitates. For

comparison,we also plot the analytical solutions for the dilute distribution of pre-

cipitates with prescribed stress(DD-�) and prescribed strain (DD-E) for the same

� values obtained using the expressions(8.2.13 b) and (8.2.14 b), respectively of

Nemat-Nasserand Hori [30]; our numerical results are in good agreement with the

DD-� solutions,especially at smallervolumefractions. Similarly, our numerical cal-

culations of the normalisedhomogeneousshearmoduli of a 2D compositeconsisting

of circular holes (seeFigure 3.11 (b)) are also in good agreement with the corre-

sponding DD-� analytical solutions described by the expression(5.1.15a) in [30].

3.10 Summary

In this chapter, we have presented a phase�eld model which incorporatesthe elastic

solutionsobtainedby solvingthe equationof mechanicalequilibrium in an elastically

inhomogeneoussystem. The equationof mechanicalequilibrium is solvedboth under

prescribed traction and displacement boundary conditions; further, we show that
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Figure 3.10: The (a) normalisedhomogeneousstrain and (b) the normaliseddi�er-

encein the elastic energy as a function of the volume fraction of the precipitate.

The homogeneousstrain is normalisedby the strength of the eigenstrain" T = 0:01,

while, the elastic energywas normalisedby the elastic energyfor an unconstrained

system. The lines through the data points are drawn only as a guide to the eye.
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our iterativ e procedureis both accurateand e�cien t. Finally, we characteriseour

numerical method, and show that our elastic solutions agreevery well with the

corresponding analytical solutions. In the following chapters,we useour phase�eld

model to study microstructural evolution in two systemswhereelasticinhomogeneity

plays a key role, namely, rafting in systemswith dilatational mis�t (Chapter 4) and

phaseinversion(Chapter 5).



Chapter 4

Rafting

In a classicstudy, Tien and Copley [9] have shown that the microstructure of a Ni-

basesuperalloy changesdrastically when the alloy is subjected to an uniaxial stress

at high temperatures. In the absenceof applied stresses,the typical microstructure

in these alloys consistsof cuboidal 
 0 particles embedded (coherently) in a disor-

dered 
 matrix [5]. Further, the 
 0 particles align along the (elastically soft) h100i

crystallographic directions. In the presenceof an applied uniaxial stress,the inter-

nal elastic stress�elds (that arise due to mis�t strain) interact with the externally

applied stressesleading to a preferential coarseningof the cuboidal precipitates ei-

ther parallel or perpendicular to the applied stress. This preferential coarseningis

known as \rafting".

Most of the experimental observations of rafting are made on crept specimensof

nickel-basesingle crystal superalloys (SeeChang and Allen [86] for a review). In

almost all the studies, the applied stressesare uniaxial and are applied (typically)

alongthe h100i directions;however, there area few studiesof microstructural evolu-

tion under applied shearstresses{ seethe overview by Kamaraj [87]. Basedon the

direction of preferential coarseningof the precipitates, rafting is generallyclassi�ed

into two typesas follows:

� P-type rafting in which the precipitates coarsenparallel to the direction of

applied stress,and,

� N -type rafting in which the precipitates coarsennormal to the direction of

47
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applied stress.

Experiments alsoindicate that the type of rafting is determinedby the mis�t strain,

sign of applied stress,and inhomogeneity.

There have been a number of attempts in the literature to determine the type

of rafting assuminglinear elasticity [16,19,40,52{56,88,89]. For the purposesof

our discussionin this thesis, we classify these rafting models as thermodynamic

and kinetic models. The former are basedon the elastic energy calculations [52,

54,56] or the instantaneouschemical potential contours around a single mis�tting

inhomogeneity [53,55] (of a given shape or symmetry) in an in�nite matrix. The

thermodynamic models that are basedon elastic energycalculations are critically

discussedand summarisedby Chang and Allen [86]. The kinetic models of rafting

are basedon atomistic or continuum models.

The thermodynamic models indicate that in systemswith dilatational mis�t, the

elastic inhomogeneity is an essential requirement for rafting; in particular, in these

systems,the driving force for rafting goes to zero as � approachesunity. Further,

these models are quite successfulin predicting the type of rafting (albeit in the

caseof a single particle in an in�nite matrix under an uniaxial applied stress).

The direction of elongationis parallel (normal) to the applied stressdirection when

� A "T (1 � � ) is negative (positive) [52,53,55,56]; i.e., the rafting is of type P when

� A "T (1 � � ) < 0, and of type N when � A "T (1 � � ) > 0.

In spite of their success,the thermodynamic modelsare very limited in their scope.

They arenot on multiparticle systems.They typically assumethe inhomogeneity to

be small and/or speci�c particle geometries;neglect the e�ect of interfacial energy

and/or the growth kinetics on rafting; and, do not describe the exact nature of elon-

gation. For example,for a given, small elastic inhomogeneity, as noted above, the

direction of elongationunder compressive stressesalong the x-axis will be the same

as that under tensile stressesalong the y-axis; but the exact amount of elongation

in thesetwo cases(for the sameparticle sizeand magnitude of applied stress)need

not be (and, are not, aswe show in Figure 4.1) the same.Such quantitativ e details

are usually missingin the thermodynamic models.

The available kinetic studies of directional coarseningin the literature are of two
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types, namely, continuum studies basedon the phase�eld method [16,19,89] and

atomistic studies in conjunction with a Monte Carlo method [40,57,90,91]. All

thesestudiespredict the type of rafting quite successfully;while, a few alsopredict

particle splitting under applied stresses[16,40,88]. However, asnoted in Chapter 3,

the method of calculation of homogeneousstrain due to the applied stressusedin

the existing phase�eld models are far from satisfactory, which render the results

from these studies approximate. Further, we are not aware of any kinetic study

which discussesthe e�ect of far-�eld composition on (single particle) rafting.

The key variables that in
uence rafting are the eigenstrain " 0, the applied stress

� A , the inhomogeneity � , and the far-�eld composition c1 ; further, the overlap of

di�usion and elastic stress�elds from di�erent particles can also have an in
uence

on rafting { that is, single particle rafting is qualitativ ely di�erent from that of

multi-particles.

In this chapter, we �rst study, in Section4.1, rafting of a singleparticle in a kinetic

setting. We use this study to elucidate the e�ect of the following parameterson

the growth rate (characterisedby the equivalent radius R of the particle) and the

morphologyof the rafted particle (characterisedby the aspect ratio � of the elongated

particle): (a) inhomogeneity, (b) sign and magnitude of the applied stress,(c) sign

of the eigenstrain, and (d) far-�eld composition. This is followed by results from

multi-particle simulations (of two or moreparticles) in Section4.3. Unlike the single

particle case,in multiparticle simulations, the di�usion and stress�elds from the

particles overlap; this allows us to study the e�ect of interparticle interactions on

rafting. We end the chapter with a brief summary.

Finally, beforewe closethis introduction, we wish to mention that there are several

studieson the e�ect of a plastic prestrain on rafting [92{96]. Someof thesestudies

further arguethat such a plastic prestrain is essential for rafting; however, there is at

leastonestudy [97], the resultsof which arenot ableto choosebetweenlinear elastic

and plastic theories. The experimental evidencein support of a linear elasticity

basedmodelsis summarisedby Nabarroet al [52]. In this thesis,werestrict ourselves

to the study of rafting under the assumptionsof linear elastic constitutive laws.
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4.1 Morphological changes in a single particle

The single particle rafting simulations are done on systemsof size 512� 512. A

precipitate of initial radius of 10 length units is placedat the centre of the simulation

cell, and is allowed to grow. In the absenceof externally applied stressesboth the

hard and soft precipitates grow as circles, albeit at di�erent rates; in this section

we present results of growth under an externally applied stress(along the x-axis,

unlessotherwisespeci�ed). The far-�eld composition is maintained at 0.1. We use

isotropic elasticconstants with a shearmodulus of 400for the matrix; the externally

applied stressesare 4, i.e., one-hundredth of the shearmodulus of the matrix. The

strength of the eigenstrainis 0.01.

Let us considerthe caseof positive eigenstrain. Let the particle be softer (� = 0:5)

than the matrix. If the applied stressis compressive (tensile), the particle elongates

parallel (normal) to the direction of applied stress;that is, the rafting is of P-type

(N -type). In the caseof a harder precipitate (� = 2:0), the compressive (tensile)

applied stressleadsto elongationnormal (parallel) to the applied stress;that is, the

rafting is of N -type (P-type). In Figure 4.1, we summarisethe results from these

four cases.

If the eigenstrainis negative, the trends shown above are reversedin our numerical

simulations. Our simulations further con�rm that the particle sizeand morphology

are identical when the sign of � A " is the samefor both soft and hard particles;

for example,positive eigenstrainand compressive stressesleadsto the sametype of

particle sizeand morphologyasnegativeeigenstrainand tensilestresses.Thus, since

a changein the sign of the eigenstrainleadsto the sameresults both qualitativ ely

and quantitativ ely, we present only the results from our simulations on systemswith

positive eigenstrain.

The elasticanisotropy (characterisedby the Zeneranisotropy parameterAZ ), in
u-

encesthe particle morphology; however, it doesnot changethe qualitativ e rafting

behaviour. For example,in Figures4.2and 4.3,we summarisethe rafting behaviour

in systemswith AZ = 3 and AZ = (1=3), respectively. From these�gures, it is clear

that the P- and N -type rafting behaviour are not restricted to elastically isotropic
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(a) (b)

(c) (d)

Figure 4.1: P and N -type rafting in an elastically isotropic system: (a) Hard pre-

cipitate under compressive stress;(b) Hard precipitate under tensile stress;(c) Soft

precipitate under compressive stress;and, (d) Soft precipitate under tensile stress.

The stressesare applied along the x-axis; the eigenstrain is positive. The particle

morphologiesshown herecorrespond to 1000time units and the box dimensionsin

all the four �gures correspond to 75� 75 length units. AZ = 1; � = 2 (hard); � = 0:5

(soft); j� A j = 0:01Gm ; c0 = 0:101.
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systemsalone, but are observed in systemswith cubic elastic constants. Hence,

in all our discussionsin Section 4.1.1, we restrict ourselves to elastically isotropic

systems;the trends in cubic anisotropic elastic systemsis qualitativ ely no di�erent.

A perusal of the right columns of the Figures 4.1, 4.2, and 4.3, show that the

particlesunder tensileappliedstressesgrow to the largestextent. In thesecases,the

eigenstrainis also tensile (positive). Similarly, when the eigenstrainis compressive

(negative), the particle growth is the highest for compressive stresses.Hence,we

concludethat the growth rate is the highest when the sign of the eigenstrainand

the applied stressare the same. Similarly, a perusal of the bottom rows of these

three �gures show that the softer particles tend to elongatemore. Thus, particle

morphologyis largely decidedby the inhomogeneity, while the particle sizeis decided

by the sign of applied stresswith referenceto the eigenstrain.

Our simulation results are in agreement with the type of rafting predicted by the

thermodynamic models;i.e., the rafting is indeedof type P when� A "T (1� � ) < 0

and of type N when� A "T (1� � ) > 0, asnoted above. In particular, our numerical

results comparewell with those reported by Schmidt and Gross [55]. Among the

thermodynamic models, the analysisof Schmidt and Grossis the most generaland

complete; assumingthe particle shapes to conform to cubic (four-fold) symmetry

they predictedthe direction of elongationin elastically isotropic aswell asanisotropic

systems(in 2D as well as 3D). The results from the analysisof Schmidt and Gross

(in 2D systems)is summarisedschematically in the Figure 4.4, basedon Figure 3

of [55]. Thus, the cases(a), (b), (c), and (d) shown in Figures 4.1, 4.2, and 4.3

correspond, respectively, to regions(1), (2), (3), and (4) of the schematic.

Schmidt and Grossdid not restrict their analysis to very small (numerical) values

of inhomogeneity, � ; i.e., their model is not perturbative with respect to � . More

speci�cally, they have shown that the rule basedon the sign of � A "T (1 � � ) to

predict the rafting direction breaks down, for example, for very soft precipitates

under compressive applied stresses.Using our simulations, it is possibleto capture

this reversal; for example,it is possibleto observe region (5) of the schematic when

the precipitate is very soft (� = 0:01) and the applied stressesare compressive (and
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(a) (b)

(c) (d)

Figure 4.2: P and N -type rafting in an elastically anisotropicsystem: (a) Hard pre-

cipitate under compressive stress;(b) Hard precipitate under tensile stress;(c) Soft

precipitate under compressive stress;and, (d) Soft precipitate under tensile stress.

The stressesare applied along the x-axis; the eigenstrain is positive. The particle

morphologiesshown herecorrespond to 1000time units and the box dimensionsin

all the four �gures correspond to 75� 75 length units. AZ = 3; � = 2 (hard); � = 0:5

(soft); j� A j = 0:01Gm ; c0 = 0:101.
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(a) (b)

(c) (d)

Figure 4.3: P and N -type rafting in an elastically anisotropicsystem: (a) Hard pre-

cipitate under compressive stress;(b) Hard precipitate under tensile stress;(c) Soft

precipitate under compressive stress;and, (d) Soft precipitate under tensile stress.

The stressesare applied along the x-axis; the eigenstrain is positive. The particle

morphologiesshown herecorrespond to 2000time units and the box dimensionsin

all the four �gures correspond to 75� 75 length units. AZ = (1=3); � = 2 (hard);

� = 0:5 (soft); j� A j = 0:01Gm ; c0 = 0:101.



CHAPTER 4. RAFTING 55

H
ar

d
S

of
t

Compressive Tensile

1

7

N

P

5N N

P N
6

P

2

3 4

Figure 4.4: Schematic rafting behaviour basedon the analysisof Schmidt and Gross,

assuminga positive dilatational eigenstrainand an applied stressalong the x-axis

on particles with four-fold symmetry.

one-hundredth of the shearmodulus of the matrix: seeFigure 4.5). However, such a

scenariois in generalunphysical sincesuch large inhomogeneity valuesare unlikely

to be observed in two phasealloys.

On the other hand, regions(6) and (7) in Figure 4.4 can be observed only if the

Poisson'sratio or the Zeneranisotropy parameterof the two constituent phasesare

di�erent. Sincein all our calculations,we maintain thesetwo parametersthe same

for both phases,we do not observe theseregionsin our simulations.

4.1.1 Particle morphologies during rafting: e�ect of elastic

and growth parameters

The thermodynamic models of rafting only determine the direction of elongation;

they do not (aim to) predict quantitativ ely the extent of rafting. However, asis clear

from Figure 4.4, for a given eigenstrain,there is a wide rangeof applied stressesand

inhomogeneity valuesfor which the direction of elongation is the same. The exact

morphology of the rafted precipitate is decidedby � and � A (for a given " 0). For
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Figure 4.5: A very soft precipitate under compressive stress(along x-axis) in an

elastically isotropic systemafter 300time units; numerical simulation corresponding

to region 5 of the Figure 4.4. The box dimension in the �gure corresponds to

200� 200 length units. AZ = 1; � = 0:01; � A = � 0:01Gm ; c0 = 0:1.

example, in Figures 4.1, 4.2, and 4.3, the exact particle morphologiesfor the four

cases(a)-(d) are di�erent (after the sametime units { 1000or 2000,asthe casemay

be). Further, the e�ect of far �eld composition (which is a kinetic parameter) is not

accounted for in the thermodynamic models. In this section,we describe the e�ect

of theseelasticand growth parameterson the morphologyof the rafted particle. As

noted above, all thesesimulations were carried out on elastically isotropic systems

(of size512� 512,with a circular particle of initial radius 10).

In our discussions,particle sizeis described using R, an equivalent radius,

R =

r
ap

�
; (4.1)

whereap is the area of the particle. We usethe aspect ratio � de�ned as the ratio

of the diameter of the particle along the applied stress direction to that in the

perpendicular direction to describe the particle shape. Sincein all the simulations

described below, the external stresswasapplied along the x-direction, � is the ratio

of the diameter of the particle along x-axis to that along the y-axis.
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E�ect of far-�eld comp osition

In Figure 4.6 (a) and (b), we show the sizeof hard and soft particles as a function

of time for two di�erent far-�eld compositions. Irrespective of the nature of applied

stress,the higher far-�eld composition leadsto faster growth. This is as expected

since the e�ective supersaturation increaseswith increasing far-�eld composition

(seeEqn. (4.2)).

Figure 4.7 (a) and (b), depicting the aspect ratio of particles as a function of time

also shows that particles are more elongatedwhen the supersaturation is higher.

This is not surprising sincethe point e�ect of di�usion would promote higher aspect

ratios when the far-�eld compositions are higher. The point e�ect of di�usion can

be clearly seenin Figure 4.8 where,we plot the particle areaas a function of time;

at least in the caseof soft precipitates, thesecurves show an increasein the rate

of growth of area(which manifestsitself in the increasein slope of the Area versus

time plot with increasingtime). Finally, as expected, soft particles elongatemore

than hard ones(other conditions remaining the same).

E�ect of inhomogeneit y

In order to indicate the e�ect of inhomogeneity on particle morphology, we consider

the four casesdescribedin Figure 4.1,wherethe far-�eld composition wasmaintained

at 0.1 and the eigenstrain is positive (i.e., tensile). In Figure 4.9, we plot (a) the

equivalent radius R, and (b) the aspect ratio � asa function of time for two di�erent

inhomogeneity values;� = 0:5 (soft) and � = 2:0 (hard). For a given applied stress

(compressive or tensile), the softer precipitate grows faster than the harder one;

this is due to the di�erences in e�ective supersaturation available for growth as

indicated in Eqn. (4.2). Further, at any given time, the softer precipitates elongate

more(leading to larger or smalleraspect ratios than the corresponding harderones).

This is due to both (a) the preferenceof the softer precipitates to more elongated

shapes,and (b) the point e�ect of di�usion.
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Figure 4.6: The e�ect of far-�eld composition on growth rate in an isotropic system

(AZ = 1): (a) Hard (� = 2) and (b) Soft (� = 0:5) precipitate. � A is the applied

stresswith j� A j = 0:01Gm ; if it is greater(less)than zero,the appliedstressis tensile

(compressive); c1 is the far-�eld composition.
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Figure 4.7: The e�ect of far-�eld composition on the aspect ratio of the rafted

particle in an isotropic system(AZ = 1): (a) Hard (� = 2) and (b) Soft (� = 0:5)

precipitate. � A is the applied stresswith j� A j = 0:01Gm ; if it is greater (less) than

zero,the appliedstressis tensile(compressive); c1 is the far-�eld composition. Note

that the y-axis scalesare di�erent in (a) and (b); soft particles elongatemore than

hard particles do.
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Figure 4.8: The e�ect of far-�eld composition on growth ratesof the rafted particles

in an isotropic system(AZ = 1): (a) Hard (� = 2) and (b) Soft (� = 0:5) precipitate.

� A is the applied stresswith j� A j = 0:01Gm ; if it is greater (less) than zero, the

applied stressis tensile (compressive); c1 is the far-�eld composition.
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Figure 4.9: The e�ect of inhomogeneity on (a) particle growth rate and (b) morphol-

ogy in an isotropic system(AZ = 1). � A is the applied stresswith j� A j = 0:01Gm ;

if it is greater (less) than zero, the applied stressis tensile (compressive).
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E�ect of applied stress

The sign of applied stressas comparedto the sign of eigenstrain also determines

the growth rate; thus, tensile eigenstrainand tensile applied stresseslead to higher

growth rates irrespective of whether the precipitate is softer or harder, while tensile

eigenstrainunder compressive stressesleavesvery little driving forcefor growth (See

Figure 4.9). In addition, the numerical valueof the applied stressalsoin
uences the

particle sizeand shape asshown in Figures4.10and 4.11,respectively; more tensile

(and lesscompressive) the applied stress,faster the growth and more elongatedthe

particles. This is, as noted above, related to the positive sign of the eigenstrain.

Further, in all cases,the softer precipitates are more elongatedas comparedto the

harder ones(as expected).

4.1.2 A note on particle splitting

There have beena few reports of particle splitting under the action of a combined

externally applied (and equal) tensileand compressive stressesin two perpendicular

directions [16,40,88]. Li and Chen have reported the splitting of a circular precipi-

tate, while Leeand Leoet al showed that the particle splits only if it is elongated(in

a direction that is unfavourable under the given applied stresses).Our simulations

resultsshown below are in agreement with the resultsof Leo et al and Lee;particles

do not split if they are circular to begin with (seeFigures (a), (c), and (e) of 4.12);

they split only when the particle is elongatedin an unfavourabledirection (seeFig-

ures (b), (d), and (f ) of 4.12).

The particle splitting simulations of Li and Chen di�er from that of ours in three

aspects. Li and Chen (a) re�ne the elastic displacement solutions only up to �rst

order, (b) useelasticconstants that lead to di�erent AZ and Poisson'sratios for the

two phases,and (c) useorder parameter�elds and an Allen-Cahn equation coupled

with composition �elds to describe microstructural evolution; any of these could

give rise to the observed splitting of a circular precipitate. We have carried out

simulations wherewe re�ne the elastic solution only up to �rst order using elastic

constants that are akin to thoseusedby Li and Chen; even in such caseswe do not
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Figure 4.10: The e�ect of the sign and numerical value of the applied stresson the

growth rate in an isotropic system(AZ = 1): (a) Hard (� = 2) and (b) Soft (� = 0:5)

precipitate. � A is the applied stresswith j� A j = 0:01Gm ; if it is greater (less) than

zero, the applied stressis tensile (compressive).
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Figure 4.11: The e�ect of the signand numericalvalueof the appliedstresson rafted

particle morphology in an isotropic systemAZ = 1: (a) Hard (� = 2) and (b) Soft

(� = 0:5) precipitate. � A is the applied stresswith j� A j = 0:01Gm ; if it is greater

(less) than zero, the applied stressis tensile (compressive).
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(a) (b)

(c) (d)

(e) (f )

Figure 4.12: Particle splitting under externally applied stresses.A circular precip-

itate does not break-up (Seethe left column), while a precipitate elongatedin an

unfavourable direction does(Seethe right column).
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observeparticle splitting. Hence,webelieve that the splitting of circular precipitates

under the action of applied stressesin the simulations of Li and Chenare due to the

nature of the free energyfunctional assumed.

4.2 Discussion: single particle rafting

In general,the presenceof elasticstressesslows down the growth rate; in particular,

hard precipitates grow slower than the soft precipitates. These di�erent growth

rates (in the absenceof any externally applied stresses)can be understood in terms

of the e�ective supersaturation available for growth of a circular precipitate in a

shape preservingmanner. Let c1 be the far-�eld composition. In terms of c1 and,

the interfacial compositions for the m and p phases,we can de�ne the `e�ective'

supersaturation (� c) as follows:

� c =
c1 � cm

I

cp
I � cm

I

: (4.2)

Using the modi�ed Gibbs-Thomson equations [53], the equilibrium compositions

of the matrix and precipitate phasesseparatedby a 
at interface in an elastically

stressedsystemcan be calculated; seeAppendix E. For the free energyfunctional

assumedby us, it can further be shown that the denominator remainsa constant,

and for the elastic constants used in our simulations, the change due to elastic

stressesaloneis given by the cm
I (� = 0:5) = 0:0172,and cm

I (� = 2:) = 0:0387. Thus,

for the sameprecipitate radius and far-�eld composition, � c obeys the following

inequality,

f � cgno� elasticit y > f � cgsoft� precipitate > f � cghard � precipitate ; (4.3)

which explains the di�erence in the corresponding growth rates. The presenceof

an externally applied stress,aswe show in Section4.1.1,doesnot changethe above

trend. In addition, the presenceof the applied stresshas a strong e�ect on the

growth rate with referenceto the eigenstrainpresent in the system; if the sign of

the eigenstrainis the sameas the applied stress,it leadsto faster growth.

The morphologyof the rafted particle, in general,is decidedby several factors; these

include the interfacial energy, the elastic moduli mismatch, the applied stress,and
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the point e�ect of di�usion. Sincethe interfacial energy
 usedin our simulations

is isotropic, the initial circular precipitate will grow as a circle in the absenceof

any elastic stresses. In general, in the absenceof externally applied stresses,the

hard precipitates prefer to be more `compact' (circular, in this case),while the soft

precipitatesprefer to bemoreelongated(thin plates, in this case)[98]. The presence

of an externally applied stressdrives both the soft and hard precipitates towards

elongatedshapes;however, the softer precipitates are driven more than the harder

onestowards elongatedshapes. Finally, the point e�ect of di�usion always drives

an elongatedshape towards more and more of elongation.

To summarise,in all cases,the interfacial energydrives the systemstowards com-

pact (i.e., circular) shapes; in the caseof soft particles, the internal and external

elastic �elds as well as the point e�ect of di�usion drive the systemtowards more

elongatedshapes;in the caseof hard particlesunder an externally appliedstress,the

applied stressesand the point e�ect of di�usion drive the systemtowardsmoreelon-

gatedshapes,while the internal stress�elds drive the systemtowardsmorecompact

shapes.

4.3 Morphological changes in multiparticle simu-

lations

In this section, we present our results from multiparticle simulations. We present

results from both elastically isotropic and anisotropic systems. In Figure 4.13 (a)

and (b), we show the rafted morphologiesof soft precipitates in an elastically

isotropic system; the tensile and compressive stresseswere applied in the two per-

pendicular directions, x and y respectively. In both cases,the particles elongate

along the y direction; however, the exact morphology in the two casesare di�er-

ent. In general,the precipitate sizeunder compressive stressesis smaller than that

under tensile stresses.These trends are observed even if the system is elastically

anisotropic; seeFigure 4.14(a) and (b) (for a systemwith AZ = 3:0). This is again,

in agreement with our conclusionsfrom the singleparticle studies;the growth rate is

always more if the eigenstrainand the applied stresseshaving the samesign. Thus,



CHAPTER 4. RAFTING 68

the subdued growth under compressive applied stressesin a system with tensile

eigenstrainsis not surprising.

As in the caseof singleparticle simulations, the inhomogeneity alsoplays a crucial

role in the development of the rafted microstructure. In Figure 4.15(a) and(b), we

show the rafted microstructure in an elastically anisotropic system(with AZ = 3:0)

for hard and soft precipitates respectively. As with single particle simulations, the

aspect ratio for hard particles is in generalmuch smaller than that for soft particles;

this is a result of (a) coalescenceamong soft precipitates, (b) the tendency of the

soft particles to elongatemore and (c) the tendencyof the hard particles to remain

(distinct) and compact.

Finally, as noted earlier, the most interesting di�erence between single and mul-

tiparticle simulations arisesfrom the interparticle interactions in the multiparticle

simulations. In the caseof isotropic elasticity, the interparticle interactions do not

prefer any speci�c direction; in the caseof cubic elasticity with AZ = 3, the direc-

tions preferredby the applied stressand the interparticle interactions are the same.

Thus, from the very early stages,the particlesalign alongthe h10i or h01i directions;

while soft particles coalesce,hard particles remain compact.

Let us considera cubic anisotropic system with AZ = 1=3; let an uniaxial stress

be applied along the x-direction, which is the hard direction in this system. In

Figure 4.16we show the microstructural evolution in such a system;for comparison,

we alsoshow the microstructure in the absenceof any applied stresses.At the very

early stages,the elastic interaction among the particles aligns the particles along

the h11i directions; as the microstructure evolves, theseparticles then move away

from h11i and align towards the h10i or h01i directions. The particle movement

away from the h11i is in the \expected" direction; for example, in the caseof soft

precipitatesunder a compressive (tensile) stress,the particlesalign parallel (normal)

to the applied stressdirection (Comparewith Figures4.3 (c) and (d)).
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(a)

(b)

Figure 4.13: Soft particles in an isotropic system under (a) a tensile stressalong

the x-axis and (b) a compressive stressalong the y-axis; microstructuresafter 3000

time units. AZ = 1; � = 0:5; j� A j = 0:01Gm ; c0 = 0:4.
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(a)

(b)

Figure 4.14: Soft particles in an anisotropic systemunder (a) a tensile stressalong

the x-axis and (b) a compressive stressalong the y-axis; microstructuresafter 3000

time units. AZ = 3; � = 0:5; j� A j = 0:01Gm ; c0 = 0:4.
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(a)

(b)

Figure 4.15: Rafting in an anisotropic systemof (a) hard particles (� = 2) under a

tensile stressalong the y-axis and (b) soft particles (� = 0:5) under a tensile stress

along the x-axis; microstructures after 3000time units. AZ = 3; j� A j = 0:01Gm ;

c0 = 0:4.
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(a) (b)

(c) (d)

(e) (f )

Figure 4.16: Microstructures in (a) Soft, (b) Hard, (c) Soft-Compressive, (d) Hard-

Compressive, (e) Soft-Tensile,and (f ) Hard-Tensilesystemsafter 8000time units in

an elastically anisotropic system. The applied stressesare along the x-axis. AZ =

(1=3); � = 2 (hard); � = 0:5 (soft); j� A j = 0:005Gm ; c0 = 0:4.
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4.4 Discussion: multiparticle rafting

Though single simulations are of interest for a quantitativ e study of rafting be-

haviour, rafted microstructures in real systemsinvolve a large number of particles.

Our multiparticle simulations show that the direction of elongationof are the same

as in single particle simulations. And, as is the casewith single particle morpho-

logical evolution, in thesesimulations also the exact nature of rafting depends on

the sign and numerical value of applied stress, the inhomogeneity value, and the

sign of eigenstrainapart from other kinetic parameters.Further, elastic interaction

betweenthe particles (which is not accounted for in singleparticle simulations) also

hasan in
uence on rafting behaviour.

The particle coalescenceand migration can be more clearly discernedusing two-

particle simulations. Figure 4.17 (a) shows the initial con�guration for the two

particle simulations; two particles of initial radius 10 are placednear the centre of

a 512� 512 simulation cell such that the line joining their centres of massmakes

an angle of 45� with the x-axis. The far-�eld composition is maintained at 0.1,

and the precipitates are allowed to grow under the action of an externally applied

stress. The elastic constants are isotropic and the applied stressis one-hundredth

of the shearmodulus of the matrix. The microstructures corresponding to regions

(1), (2) ,(3), and (4) of the schematic 4.4 (after 5000time units) are shown in the

Figures (b), (c), (d), and (e), respectively, of 4.17. In all casesthe particles try

to align along the x- or y-axes; this direction is consistent with the direction of

elongationpredicted for singleparticle geometries.However, while the soft particles

coalesce,the hard particles migrate with respect to oneanother. This is clear from

Figure 4.18, where the angle � that the line joining the centres of massof the two

hard particles makeswith the x-axis is plotted asa function of time.

4.5 Summary

In this chapter, we have studied rafting in an elastically inhomogeneoussystem

with dilatational mis�t. In such systems,even when the applied uniaxial stresses
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(a) (b)

(c) (d)

(e)

Figure 4.17: (a) Initial con�guration (b) Hard particles under compressive stress(c)

Hard particles under tensile stress(d) Soft particles under compressive stress(e)

Soft particles under tensile stress. Applied stressesare along the x-axis. Note that

(b), (c), (d), and (e) correspond to regions(1), (2), (3), and (4) of the schematic 4.4

respectively. AZ = 1; � = 2 (hard); � = 0:5 (soft); j� A j = 0:01Gm ; c0 = 0:1. (a)

corresponds to t = 0, while the remaining microstructures correspond to 5000time

units.
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Figure 4.18: The angle � that the line joining the centres of mass of two hard

particles makeswith the x-axis asa function of time. Applied stressesare along the

x-axis. AZ = 1; � = 2; j� A j = 0:01Gm ; c0 = 0:102.

are within the elastic limit, rafting will occur. The direction of elongation of the

particles as predicted by the thermodynamic models for singleparticle rafting hold

even for multiparticle cases.Particle growth and elongationare hastenedwhen the

signof � A and that of "0 are the same.They arealsolarger for soft precipitatesthan

for hard precipitates. In the multiparticle case,elastic interactions amongparticles

also becomeimportant. They lead soft precipitates to (migrate and) coalesce,and

hard precipitates to migrate, in the direction of applied stress-inducedalignment.



Chapter 5

Phase inversion

In a two phasemicrostructure, usually, the phasewith the larger volume fraction is

topologically continuous (`matrix') in which the lower volume fraction phaseis dis-

tributed as isolated islands (`precipitates'). However, this correspondencebetween

the volume fraction and the topological structure can sometimesbe reversed. In

particular, considerthe schematic shown in Figure 5.1. The initial microstructure

consistsof islands of minority phase(with a low volume fraction) dispersed in a

topologically continuous phaseof higher volume fraction. As time proceeds,this

microstructure evolvesinto onein which the lower volume fraction phasepercolates

forming a topologically continuous structure, in which islandsof the higher volume

fraction phaseare embedded. In this thesis, we call such an evolution as phase

inversion.

Phaseinversionhasbeenreported on several phaseseparating,viscoelastic polymer

blends, and has been studied both experimentally and theoretically (see[59] and

referencestherein). However, in the polymer literature, phaseinversion is de�ned

in many di�erent ways. For example, the de�nition of phase inversion given by

Lazo and Scott [99] is in direct contrast to our de�nition { in the initial stages,

the microstructure consistsof the islandsof the majorit y phasedispersedin a ma-

trix of the minority phase;as time progresses,the microstructure inverts with the

minority phaseforming the dispersedphase. In someof the other studies [100],

with increasing volume fraction of one of the phases,if a previously continuous

76
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Figure 5.1: Phaseinversion: schematic. The inversion is driven by elastic inhomo-

geneity; the higher volume fraction phasebeing harder (� > 1) is what drives the

systemtowards phaseinversion.

phasebecomesdiscontinuous (thus switching the role of `network' and `particles'

in a polymer blend), the volume fraction at which the switching occurs is known

as `phaseinversion' point. However, sometheoretical studies on thesesystemsdo

de�ne phaseinversion as that point at which `the role of the percolating majorit y

phaseand the non-percolatingminority phaseis interchangedbetweenthe low- and

the high-viscosity portions of the liquid' [101].

In the caseof polymer blends, the phaseinversion is known to occur due to the

di�erences in viscosity of the two phaseswhich, in turn leadsto di�erent 
o w be-

haviours [102,103]. In this thesis,however our interest is in systemswhich undergo

phaseinversion driven purely by elastic stresse�ects. Using elastic energycalcu-

lations, for example,Barnett et al [98] have shown that in an elastically isotropic

system, a harder precipitate would like to have a `compact' shape. Further, in a

thin �lm assembly where a hard �lm is embedded in a soft matrix, for example,

the �lm breaksup and the resultant fragments becomecompact and coarsen[10].

Thus, even though there are no experimental reports on elastic stressdriven phase

inversion,the above results indicate that phaseinversionmight be expectedin bulk,

elastically inhomogeneoussystems.

Such elasticity driven phase inversion is indeed reported in a few computational

studies on phaseseparating elastically stressedsolids [11,18,60]. However, these
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computational studies are limited in scope. All these studies are approximate in

nature, and noneof them, study elastically anisotropic systems.Finally, the calcu-

lations of Leoet al [18]wasdoneusinga speci�c initial con�guration of four particles

arrangedon the verticesof a square.

In this chapter, we present results from our studies on phaseinversion using mul-

tiparticle simulations. In Section5.2, we illustrate phaseinversion in an elastically

isotropic systemand describe a way of calculating the characteristic length scaleat

which phaseinversionoccurs. In Section5.3, we usethe characteristic length scale

to illustrate the e�ect of two elastic parameterson phaseinversion, viz., inhomo-

geneity (� ) and elastic anisotropy (AZ ). This is followed by a discussionwherewe

rationalise the dependenceof the characteristic length scaleof phaseinversionon �

and AZ . We concludethe chapter with a brief summary.

5.1 Simulation details

The initial microstructure used in all our phaseinversion simulations is shown in

Figure 5.2: it consistsof soft circular precipitates dispersed in the hard matrix

(of grid size 1024� 1024). The volume fraction of the white phase(which is also

the hard phase) is � 60 %. It is possibleto start with a microstructure with an

uniform composition of 60 % throughout the domain with a very small initial noise

and study phaseseparationand inversion. However, in such a case,sincedi�erent

combinations of AZ and � would lead to di�erent initial conditions, a quantitativ e

comparisonacrossdi�erent simulations becomesimpossible. In order to avoid this

problem, we use the sameinitial microstructure, shown in Figure 5.2, in all our

simulations. In all the simulations reported below, we usec� c0 asthe interpolating

function for � (c) and � (c). However, use of the interpolation function of Wang

(Eqns. (3.62) and (3.61)) also leadsto qualitativ ely similar results.
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Figure 5.2: Initial microstructure usedin all our simulations: c0 = 0:6. The white

phaseis the hard phase.

5.2 In version

The microstructural evolution in an elastically isotropic systemwith � = 2 is shown

in Figure 5.3; (a) and (b) correspond to time units 500 and 8000,respectively. At

500 time units, the white (harder and larger volume fraction) phaseis the matrix

phasewith islands of dark phaseembeddedin it. However, after 8000time units,

the microstructure consistsof islandsof the majorit y (white) phasesurroundedby

the minority (dark) phase.

In addition to visual inspection, we have usedHoshen-Kopelman cluster-counting

algorithm [104] to track phaseinversion; operationally, the phasewhich percolates

both from left-to-right and from top-to-bottom in a microstructure is consideredto

bethe matrix phase.Usingsuch an approach, it is possibleto locatethe time interval

within which phaseinversion takes place. Further, if we can de�ne and calculate

the length scaleof any given microstructure, then, the characteristic length scaleat

which phaseinversionoccurscan be identi�ed.
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(a)

(b)

Figure 5.3: Phaseinversion in an elastically isotropic system(AZ = 1) with � = 2:

microstructuresafter (a) 500and (b) 8000time units. While the white (hard) phase

is percolating along both x and y directions in (a), the dark phaseis percolating in

(b): c0 = 0:6.
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5.2.1 Length scale of phase inversion

In this work, for any given microstructure, we de�ne two length scales(`F and ` r )

as follows:

� `F : The �rst zeroof the circularly averagedpair correlation function

� ` r = (� pm)� 1
2 , where � pm is the m-p or p-m transition points per unit areaof

the microstructure.

With increasingtimes, as the microstructure coarsens,the length scalesincrease,

as shown in the Figure 5.4 (a). Further, there is an one-to-onecorrespondence

betweenthesetwo length scalesthus de�ned, asshown in the Figure 5.4 (b). Let ` c

denotethe characteristic length scaleat which phaseinversion takesplace. For the

microstructures shown in the Figure 5.3, thesecharacteristic length scalesof phase

inversionare found to be `c
F � 30 and `c

r = 7:2

5.3 Parameters that a�ect phase inversion

The phase inversion behaviour depends crucially on the inhomogeneity (� ), and

Zeneranisotropy parameter(AZ ). In addition, sinceour phaseinversionis driven by

elasticstresses,increasinglevelsof elasticity will drive the systemto phaseinversion

at smaller length scales. As noted in the previous section, there is an one-to-one

correspondencebetweenthe two di�erent length scalesde�ned by us; hence,in this

section,we use`c
F to characterisethe length scaleof phaseinversion. Useof ` c

r will

also lead to identical conclusions.

In Figure 5.5 we show the microstructures after 4000 time units in an elastically

anisotropic system (AZ = 3) for two di�erent inhomogeneity values, namely, (a)

� = 2 and � = 3. As is clear from the �gures, for a given anisotropy, higher values

of � lead to smaller characteristic length scalesfor phaseinversion.

Similarly, in Figure 5.6, we show the microstructures after 4000 time units in a

system with � = 2, for two di�erent elastic anisotropies: AZ = 1 and AZ = 3.
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Figure 5.4: Characteristic length scalefor the microstructural evolution shown in

Figure 5.3: (a) `F as a function of time and (b) `F vs. ` r . The line through the

points is drawn only as a guide to the eye.
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(a)

(b)

Figure 5.5: E�ect of � on phaseinversionin an elasticallyanisotropicsystemAZ = 3.

Microstructures after 4000 time units in systemswith (a) � = 2 and (b) � = 3:

c0 = 0:6.
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These�gures also indicate that for a given inhomogeneity, higher anisotropy leads

to smaller characteristic length scalefor phaseinversion.

Further, we carried out three simulations each for systemswith two di�erent inho-

mogeneities(namely, � = 2 and � = 3) and three anisotropies(namely, AZ = 1,

AZ = 2, and AZ = 3). The results from all thesesimulations are summarisedin the

AZ vs. `c
F plot for the two inhomogeneitiesin the Figure 5.7. In spite of the large

standard deviation in the numbers(nearly 10 %), the decreasein `c
F with increasing

� is very clear; this e�ect of � is more pronouncedfor elastically isotropic systems

(AZ = 1:0). Further, for a given � , increasingthe anisotropy beyond AZ = 2 has

little e�ect on the critical sizefor phaseinversion.

5.4 Discussion

As noted in the introduction, in several polymer systemsphaseinversionis reported.

In such systems,phaseinversion is a result of the 
o w of a lessviscous,low volume

fraction phasearound a higher viscous, high volume phase. In contrast, in this

chapter we have shown elastic stressdriven phaseinversion.

All the existing studies of elastic stressdriven phaseinversion are approximate in

nature; while Saguiet al [60]and Onuki and Nishimori [11]carry out the calculations

for very small di�erences in � C, Leo et al [18] do not incorporate the homogeneous

strain in their calculations. All the three studiesare on isotropic systems;further,

there is no correspondencebetween the elastic parametersused in these di�erent

studies{ Onuki and Nishimori assumea weak composition dependenceonly for the

shearmodulus, while, Saguiet al changeboth the shearand bulk moduli and Leoet

al use� = 2 and scalethe other moduli correspondingly (as we do). Finally, Sagui

et al and Onuki and Nishimori spinodally decomposethe microstructures,while Leo

et al start with a very speci�c con�guration. Hence, in view of the approximate

nature of the calculations,di�erences in the initial microstructures,and the absence

of an one-to-onecorrespondenceof the elastic parametersused in these di�erent

simulations, we do not attempt a critical comparisonof our resultswith theseearlier

studies.
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(a)

(b)

Figure 5.6: E�ect of AZ on phaseinversionin a systemwith � = 2. Microstructures

after 4000 time units in systemswith (a) AZ = 1 (isotropic) and (b) AZ = 3:

c0 = 0:6.
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Figure 5.7: The e�ect of AZ on the characteristic length scalefor phaseinversion

(for two di�erent � ). The data is averagedfrom three simulations on a systemof

composition c0 = 0:6. The lines joining the data points are drawn only as a guide

to the eye, while the error bar on the data points denotesthe standard deviation.

In all our simulations, we have usedthe sameinitial microstructure; this microstruc-

ture consistsof a matrix of the highervolumefraction (hard) phasein which the soft,

low volumefraction phaseis distributed. As noted earlier, using the sameinitial mi-

crostructurehelpsuscomparethe length scalesobtainedacrossdi�erent simulations.

Further, an initial microstructure in which the majorit y phaseis the matrix phaseis

not unexpected; for example,in the absenceof elastic stresses,in o�-stoichiometric

alloys, spinodal decomposition is known to give rise to microstructures where the

minority phaseis dispersedin a matrix of the majorit y phase[38].

Sincephaseinversion is driven by elastic stresses,an increasein the the magnitude

of elasticstresses,canbeexpectedto leadto a decreasein ` c
F . Our simulation results

(not shown here) show that this is indeed the case. In addition, phaseinversion is

also in
uenced by the inhomogeneity � and the elastic anisotropy AZ .

As shown in Figure 5.7, an increasein � or AZ leadsto a decreasein `c
F . This is

due to the interplay betweenelasticity and geometryin thesesystems.The e�ect of

elasticity arisesfrom the preferenceof hard precipitates to be `compact'. Consider

a single, isotropic, mis�tting precipitate in an in�nite isotropic matrix. If the mis�t
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is dilatational, Barnett et al [98] have shown that the sphericalshape is the shape

that minimisesthe elasticenergyif the phaseis harder than the matrix; or, in other

words, the harder phasewould prefer to be `compact' in shape. Thus, in such a

system,if the harder phaseis `plate-like' to begin with, it would break up, become

compact,and such compactphaseswould ripen. Further, Sankarasubramanianet al

(SeeFigure 3 in [81]) have shown that even in anisotropic systems(for dilatational

mis�t), the harderphaseprefersmorecompactshapes. On the other hand, the e�ect

of geometryarisesfrom the tendencyof the soft particlesto elongate;in an elastically

anisotropic systemthe elongationis along speci�c crystallographicdirections, while

there is no such preferencefor isotropic systems.Such non-randomelongationleads

to a faster percolation, and hencefaster phaseinversion in elastically anisotropic

systemsas comparedto isotropic ones. Thus, a decreasein `c
F with increasingAZ

and � canbe rationalised in terms of elasticenergyand non-randommicrostructural

features.

CommercialNi-basesuperalloys consistof the 
 0 precipitates embeddedin a disor-

dered Ni-rich matrix phase;the typical volume fraction of the precipitate phaseis

70 % [87]. Even when the volume fraction of the precipitate phaseis as high as 80

vol %, the typical microstructure consistsof channelsof the disorderedphaseinto

which the ordered 
 0 phaseis enclosed;seeFigure 3 of [105]. Thus, basedon our

study, we concludethat the 
 0 phaseis probably harder than the disorderedmatrix

at the ageingtemperatures.

5.5 Summary

Elastic energy driven phase inversion is observed in multiparticle simulations in

elastically inhomogeneous,coherent binary alloys. The characteristic length scaleat

which phaseinversionoccursis primarily decidedby the strength of the elasticstrain

energy in comparisonto the interfacial energy. Further, an increasein the elastic

inhomogeneity (and, to a smaller extent elastic anisotropy) leads to a decreasein

the characteristic length scale. These trends can be rationalised in terms of the

existing literature on the e�ect of � and AZ on energyminimisation in elastically
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hard particles. Thus, we believe that experiments on microstructural evolution in

systemswith high volume fraction of a (coherent) hard phasemight show elastic

stressdriven phaseinversion.



Chapter 6

Conclusions

� We have studied three phenomena{ rafting (Chapter 4), phase inversion

(Chapter 5), and thin �lm instabilit y (preliminary work, Appendix A) { where

a mismatch in elastic moduli is the primary driving force for microstructural

changes.

� Our studiesin this thesisare basedon a phase�eld model. This model is de-

velopedfor the study of microstructural evolution in elastically inhomogeneous

systemswhich evolve under prescribed traction boundary conditions;however,

it is also capableof simulating systemswhich are evolving under prescribed

displacements as we show in Appendix A.

� The (iterativ e) Fourier basedmethodology that we adopt for the solution of

the equation of mechanical equilibrium is characterisedby comparingour nu-

merical elastic solutionswith corresponding analytical sharp interfaceresults;

in addition to being accurate,this solution methodology is alsovery e�cien t.

We integrate this solution methodology into our phase�eld model, to study

microstructural evolution in systemswith dilatational mis�t.

� Our rafting study shows that the direction of rafting in the kinetic setting

is the sameas that predicted by analytical, thermodynamic, sharp interface

models. Precipitate elongation is aided by a uniaxial stresswhosesign is the

sameas that of the eigenstrain;it is also faster when the precipitate is softer

than the matrix. Further, our multiparticle studies indicate that the centres
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of massof particles migrate to align themselves parallel or perpendicular to

the applied stressdirection. In addition, if the particles are soft, they coalesce

as they align.

� We have observed elastic stressdriven phaseinversion in multiparticle simu-

lations. Phaseinversion is the result of an interplay between elasticity and

geometry; harder phasesprefer `compact' shapes, while softer phasesprefer

to be elongated. The characteristic length scale`c
F at which phaseinversion

occursdecreaseswith increasinglevelsof inhomogeneity � and anisotropy AZ .

� Preliminary work (Appendix A) on thin �lm instabilit y indicates that the

phase�eld simulation results are in agreement with the analytical results on

the onsetof instabilit y.



App endix A

Thin �lm stabilit y

Our phase�eld model, described in Chapter 3, is developed with the speci�c aim

of studying the microstructural evolution in elastically inhomogeneoussystemsun-

der prescribed traction boundary conditions. However, our method is also capable

of tracking microstructural evolution in systemswhich evolve under a prescribed

displacement boundary condition. As an example, in this appendix, we present

somepreliminary results from our studies on the onset of instabilities in thin �lm

assemblies.

A.1 Simulation results

Let us considera thin �lm embeddedin a matrix. Let the �lm-matrix interfaceh�

(with `+' for the top interfaceand �̀ ' for the bottom interface) be described by the

following expression:

h� =
�

h
2

�
+ amsin

�
2� x
�

+ � �

�
; (A.1)

where,� is the wavelengthof the instabilit y (of amplitude am ), and � � is the phase

of the perturbation. If � + � � � = � , the instabilit y is symmetric; if � + � � � = 0,

the instabilit y is antisymmetric.

Figure A.1 shows the evolution of a thin �lm (of thicknessh = 10) coherently

embedded in a matrix. The �lm is elastically harder than the matrix by a factor
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of two (� = 2). The system size is 512� 128 and both the phasesare elastically

isotropic (AZ = 1:0).

In Figure A.1 (a), the onsetof instabilit y can be discerned.There appear to be �v e

regionsin the �lm with a lower thickness.A more detailed spectral analysisof the

interfacial pro�le shows the wavelength of the dominant (fastest growing) wave to

be about 102(512/5).

With increasingtime, the thin regionsbecomeeven thinner, leading to a complete

break-up. With further ageing,the �lm is seento break-upat other placestoo. The

last microstructure shows the thin �lm broken up into four discrete particles; the

number of particles, however, is di�erent from the number of wavelengthsobserved

in the systemat the onsetof instabilit y.

The early stagesof destabilisationof the thin �lm can alsobe studied theoretically.

Sridhar et al [10] studied the onsetof instabilit y using perturbative analysisof the

Mullins-Sekerka type (while including the elastic stress e�ects) assumingsurface

di�usion. We have modi�ed this study for the caseof volume di�usion which is

applicable to our simulations. The fastest growing wave is found analytically to

have a wavelength of � max = 97, in good agreement with its numerical value from

our simulations (� max = 102).

Sridhar et al [10] predicted that the antisymmetric instabilit y is promoted at large

valuesof h and � . Our simulations in Figure A.2 are for higher thickness(h = 20)

and a higher elastic inhomogeneity (� = 4). The onset of instabilit y is indeed

seento be antisymmetric. Further, since� and h are higher, the driving force for

destabilisationis higher leadingto faster break-up. The �lm in Figure A.2 is broken

up by 25000time units while that in Figure A.1 took nearly �v e times longer. A

theoretical analysisof the antisymmetric instabilit y is underway.

A.2 Summary

Our preliminary studieson thin �lm instabilities show the in
uence of inhomogene-

it y � and �lm thicknessh on the onset of instabilit y; higher valuesof both these

quantities leads to a faster (and antisymmetric) instabilities. Thesetrends are in
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(a)

(b)

(c)

(d)

Figure A.1: Symmetric break-upin a thin �lm assembly: morphologyat (a) 115000,

(b) 122000,(c) 129000,and (d) 143000time units. � = 2; AZ = 1; L x = 512;

L y = 128;h = 10.
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(a)

(b)

(c)

(d)

Figure A.2: Antisymmetric break-up in a thin �lm assembly: morphology at

(a) 20000,(b) 25000,(c) 28000,and (d) 34000time units. � = 4; AZ = 1; L x = 1024;

L y = 128;h = 20.
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qualitativ eagreement with the predictionsof Sridhar et al [10]. The maximally grow-

ing wavelength in our simulation during the onset of symmetric instabilit y agrees

well with the corresponding analytical prediction.



App endix B

Non-dimensionalisation

In this section,all the primed quantities are dimensional;asnoted in Chapter 3, we

usethe characteristic energyE 0, time T0, and length scaleL 0 to renderthe equations

non-dimensional.

Let us considerthe non-dimensionalform of Eqn. (3.2), namely,

@c0

@t0
= M 0r 02� 0: (B.1)

Sincewerenderthe dimensionalcomposition variablenon-dimensionalusingEqn. (3.1),

namely,

c =
c0 � c0

m

c0
p � c0

m
; (B.2)

we obtain @c=@c0 = 1=(c0
p � c0

m ). Further, by de�nition,

� 0 =
1

N 0
V

� F 0

� c0
(B.3)

=
1

N 0
V

� F 0

� c
@c
@c0

=
1

N 0
V (c0

p � c0
m )

� F 0

� c
:

Sincethe total freeenergyof the systeminvolvesan integration over the volume[73],
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we have

F 0 = N 0
V

Z
f (c;r c;: : : )dV0 (B.4)

=
NV

L03

Z
f (c;r c;: : : )dVL03

= NV

Z
f (c;r c;: : : )dV:

Also, since � F 0=�c0 has units of energy per unit volume, the chemical potential

� 0 = (1=N0
V ) [� F 0=�c0] hasunits of energyper atom. Hence,

� =
� 0

E 0
=

1
E 0

L03

NV

� F
� c0

E 0

L03
(B.5)

=
1

NV

� F
� c0

=
1

NV (c0
p � c0

m )
� F
� c

Finally, since

@c0

@t0
=

@c0

@c
@c
@t0

(B.6)

= (c0
p � c0

m )
@c
@t0

=
(c0

p � c0
m )

T0

@c
@t

;

the non-dimensionalisationof the Eqn. (B.1) becomes

@c
@t

=
M 0T0

(c0
p � c0

m )
r 02� 0 (B.7)

=
M 0T0

(c0
p � c0

m )N 0
V L02

r 2� 0

=
M 0T0L03

(c0
p � c0

m )NV L02
r 2

�
� F 0

� c0

�

=
M 0T0L03

(c0
p � c0

m )NV L02
r 2

�
� F
� c0

E 0

L03

�

=
M 0T0E 0

(c0
p � c0

m )L02
r 2

�
� (F=NV )

� c0

�

=
M 0T0E 0

(c0
p � c0

m )L02
r 2

�
� (F=NV )

� c
@c
@c0

�

=
M 0T0E 0

(c0
p � c0

m )2L02
r 2

�
� (F=NV )

� c

�

Identifying

M =
M 0T0E 0

(c0
p � c0

m )2L02
; (B.8)
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we obtain
@c
@t

= M r 2

�
� F=NV

� c

�
: (B.9)

Making the non-dimensionalmobilit y M unity, we obtain the characteristic time

scaleas follows:

T0 =
(c0

p � c0
m )2L02

M 0E 0
: (B.10)

Further, using A0
b = E 0 and L0 = f � 0=A0

bg
1
2 rendersthe non-dimensional� and Ab

alsounity.

Let us consider an fcc crystal with a lattice parameter of 4 �A. Then, the non-

dimensionalnumber of atomsper unit volumewould be given by 4L 03=[(4� 10� 10)3].

Since in our phase �eld model, the scaled non-dimensional interfacial energy is

(1/3) [106],
1
3

=



NV �
1
2

: (B.11)

Hence,
 = 4� (L 0)3=(3� (4 � 10� 10)3) Sinceinterfacial energyis scaledby E 0=(L0)2,

we obtain the characteristic energyas follows:

E 0 = 3
 0(4 � 10� 10)3=4L0: (B.12)

Using a characteristic length scaleof 1 nm, and assumingthe typical interfacial

energyto be 0.1 J / m2, we obtain E 0 = A0
b = 4:8 � 10� 21 Joules.

The non-dimensionalmobilit y M 0 is related to the non-dimensionaldi�usivit y D 0 as

follows [107]:

D 0 =
@2f 0

0

@c02
M 0: (B.13)

Di�eren tiating the non-dimensionalbulk free energydensity

f 0
0 = A0

b

�
(c0 � c0

m )2(c0 � c0
p)2

(c0
p � c0

m )4

�
; (B.14)

twice, with respect to c0, we obtain

@2f 0
0

@c02
=

�
2A0

b

(c0
p � c0

m )4

�
(B.15)

[(c0 � c0
p)(2c0 � c0

m � c0
p)

+( c0 � c0
m )(2c0 � c0

m � c0
p) + 2(c0 � c0

m )(c0 � c0
p)]
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Evaluating this quantit y at the matrix composition c0
m , we obtain

@2f 0
0

@c02
=

2A0
b

(c0
p � c0

m )2
: (B.16)

Hence,

M 0 =
(c0

p � c0
m )2

2A0
b

D 0: (B.17)

Assuming a typical value of 0.1 for (c0
p � c0

m ), and 1.0� 10� 16 m2=secfor D 0, we

obtain M 0 = 1041:6667m2=(Joule � sec)

This implies that the characteristic time T 0 = [(c0
p � c0

m )2L02]=[M 0E 0] = 0:02sec.



App endix C

Pro of that E denotes the mean

strain tensor of the cell

Our aim in this Appendix is to show that that E denotesthe meanstrain tensor of

the cell, i.e., derive Eqn. (3.20), viz.,

h" ij i = E ij ; (C.1)

with the following de�nition:

h(�)i =
1
V

Z



(�)d
 ; (C.2)

whereV is the areaof the (2D) cell 
. The derivation below follows Ref. [25], which

presents a generalisationof equation (3.20) to caseswhere the domain 
 contains

cavities. To derive Eqn. (3.20), we begin by calculating the strain " ij from the

equation (3.19):

" ij =
1
2

�
@ui

@r j
+

@uj

@r i

�
; (C.3)

which givesthe following expression:

" ij = E ij +
1
2

�
@u?

i

@r j
+

@u?
j

@r i

�
; (C.4)

sincewe assumedE to be symmetric. Further, we have, by de�nition,

h" ij i =
1
V

Z



" ij d
 ; (C.5)
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using Eqn. (C.4) in the above expression,we obtain,

h" ij i =
1
V

Z




�
E ij +

1
2

�
@u?

i

@r j
+

@u?
j

@r i

��
d
 : (C.6)

SinceE is a constant,

h" ij i = E ij +
1

2V

Z




�
@u?

i

@r j
+

@u?
j

@r i

�
d
 : (C.7)

If @
 represent the boundary of 
, following Gurtin (Seep.4 of [108]),

h" ij i = E ij +
1

2V

Z

@

(u?

i nj + u?
j ni )d@
 ; (C.8)

where, n is the normal to @
. Sinceu? is periodic on 
 and n would be having

opposite signson the opposite facesof the boundary @
, the integral vanishesand

we get the Eqn. (3.20):

h" ij i = E ij : (C.9)



App endix D

The zeroth order appro ximation

and higher order re�nemen ts

The Eqn. (3.35) can be solved in the Fourier spaceas follows:

Z



Cef f

ij kl
@2u?

l (r )
@r j @r k

exp(� 2� Jg0 � r )dr =
Z



� T

ij
@� (c)
@r j

exp(� 2� Jg0 � r )dr ; (D.1)

whereg0 is the reciprocal spacevector, and J =
p

� 1. Let us denote2� g0 by g and

integrate the above equation by parts once,to obtain

� Jgk

R

 Cef f

ij kl
@u?

l (r )
@r j

exp(� Jg � r )dr (D.2)

=

� Jgj

Z



� T

ij � (c) exp(� Jg � r )d
 ;

wherethe boundary termsvanishbecauseof the periodic boundaryconditionson the

composition c and the strain " ?. Using the notation f (�)gg for the Fourier transform

of (�),

Jgk

Z



Cef f

ij kl
@u?

l (r )
@r j

exp(� Jg � r )dr = Jgj � T
ij f � (c)gg ; (D.3)

Let us integrate the LHS of the above equation oncemore by parts (and use the

periodic boundary condition on the displacement u? to get rid of the boundary

terms):

gkgj C
ef f
ij kl f u?

l gg = � Jgj � T
ij f � (c)gg: (D.4)
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De�ning G� 1
il asCef f

ij kl gkgj , we can write the solution in the Fourier spaceas follows:

�
(u?

l )
0
	

g
= � JGil � T

ij gj f � (c)gg; (D.5)

wherethe superscript on u?
k denotesthe order of approximation.

D.1 First order appro ximation

Having the zeroth order approximation it is possible to re�ne the solution. Let

us considerthe equation (3.18) again. Let us assumethat � Cij kl is non-zeroand

substitute for the zeroth order approximation solution in the secondterm of the

LHS of the equation. We obtain,

Cef f
ij kl

@2(u?
l )

1(r )
@r j @r k

(D.6)

=

Cef f
ij kl "

T � kl
@� (c)
@r j

� � Cij klE 0
kl

@� (c)
@r j

+� Cij kl"T � kl
@f � (c)� (c)g

@r j

� � Cij kl
@

@r j

�
� (c)

@(u?
l )

0(r )
@r k

�
;

wherethe superscript 0 on E denotesthat the homogeneousstrain is calculatedfrom

the zeroth order approximation of solution using the equation (3.28).

The above equation can be solved using Fourier techniquesas earlier:

�
(u?

l )
1
	

g
= � JGil � ij gj ; (D.7)

where

� ij = � T
ij f � (c)gg � � Cij mn E 0

mn f � (c)gg (D.8)

+� Cij mn "T � mn f � (c) � (c)gg � � Cij mn

�
� (c)

@(u?
m )0(r )
@rn

�

g
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D.2 Higher order appro ximations

Generalisingthe above derivation of the �rst order solution from the zeroth order

solution, we can write the nth order solution from the (n � 1)th order solution as

follows:

f (u?
l )

ngg = � JGil � n� 1
ij gj ; (D.9)

where

� n� 1
ij = � T

ij f � (c)gg � � Cij mn E n� 1
mn f � (c)gg (D.10)

+� Cij mn "T � mn f � [c(r )] � [c(r )]gg � � Cij mn

�
� [c(r )]

@(u?
m )n� 1(r )
@rn

�

g

D.3 Note on convergence

For linear elastic constitutive laws (as well as perfect plasticity and linear visco-

elasticity), the homogenisationproblem is known to be well-posed[25]. Further,

Hu and Chen [20] also show that each iteration in an iterativ e procedure of the

type described above corresponds to a given order of approximation of the Green

function expansionin the formulation of Khachaturyan et al [77]. Thus,our iterativ e

procedure, outlined in this thesis is expected to converge. However, an iterativ e

procedurebasedon FFT for homogenisationstudies is known to converge slowly

as the `contrast' (� � 1) increases[26]; but, as shown in Section3.7.2, we get, in

practise, a surprisingly fast convergenceeven for cavities (� � 1) using the above

methodology (within 9 iterations, albeit for small volume fractions of cavit y).



App endix E

Mo di�ed Gibbs-Thomson equation

The equilibrium compositionsof the coexisting phasesin a two-phasecoherent alloy

are modi�ed both by the geometry(more speci�cally, the curvature) of the interface

(Gibbs-Thomsonor capillarity e�ect), and by the elasticstresses.All the expressions

in this appendix are taken from Abinandanan [109]and Johnson[53] .

Let � cm be the deviation of the composition on the matrix sideof a curved interface;

that is,

� cm = cm
R � cm

1 ; (E.1)

wherecm
R is the composition of the interface on the matrix side for a precipitate of

radius R, and cm
1 is the composition of the interface on the matrix side when the

interface is planar. As noted, there are two contributions to this quantit y: onedue

to capillarity, � cm
c , which dependson the curvature of the interface, and another

due to elastic stresses,� cm
el , which depends on the stressand strain �elds in the

system.

� cm
c is given by the Gibbs-Thomsonequation:

� cm
c =

� p

(cp

e � cm
e )	 m

(E.2)

where,� p is the meancurvature of the interfacewith respect to the precipitate phase,


 is the interfacial energydensity, the cp
e and cm

e are the equilibrium compositions

of the matrix and precipitate, respectively, when they are separatedby a planar
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interface,and the quantit y 	 m is de�ned as follows:

	 m =
�

@2f 0

@c2

�

cm
e

(E.3)

� cm
el , that is the correction to the Gibbs-Thomson equation (E.2) due to elastic

stressesis given as follows:

� cm
el =

� p
 + � m
ij ("m

ij � "p
ij ) + [� p

ij ("p
ij � "T � ij ) � � m

ij "m
ij ]=2

(cp
e � cm

e )	 m
; (E.4)

where� and " are the stressand strain �elds respectively.

Let c1 be the far-�eld composition. In terms of c1 and, the interfacial compositions

for the m and p phases,we cande�ne the `e�ective' supersaturation (� c) asfollows:

� c =
c1 � cm

I

cp
I � cm

I
: (E.5)

Thus, for the sameprecipitate radius and far-�eld composition, for the free energy

function that we use,we canshow that the the denominatorremainsa constant [53].

Hence, � c depends on c1 � cm
I . Further, since in our case,cp

e is unity and cm
e is

zero, � c is given by c1 � � cm . In Table E.1, we list � cm
el , the elastic contribution

to the excessmatrix interfacial composition around a circular precipitate that has

a dilatational mis�t of 0.01with the matrix.

S. No. System � cm
el

1. Soft precipitate (� = 0:5) 0.0172

2. Inclusion (� = 1:0) 0.0284

3. Hard precipitate (� = 2:0) 0.0387

Table E.1: Increasein the interfacial composition on the matrix side due to elastic

stressesin our model system
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